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1. The n-dimensional volume and surface area of a hypersphere of radius R is Vn(R) = πn/2Rn

Γ(n
2

+1) = πn/2Rn

(n/2)! and

Sn(R) = nπn/2Rn−1

Γ(n
2

+1) = 2πn/2Rn−1

Γ(n
2

) , where Γ(n2 + 1) = (n/2)! and Γ(n2 + 1) = n
2 Γ(n/2)

2. Stirlings formula lnn! ≈ n lnn− n

3. The Gamma integrals : Γ(n) =
∫∞

0 xn−1 e−x dx, Γ(n) = (n− 1)!, Γ(n+ 1) = nΓ(n) ,
∫∞

0 xn e−αx dx = n!
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4. The Gaussian integrals:
∫∞
−∞ e

−αx2dx =
√

π
α ,
∫∞
−∞ x

2e−αx
2
dx = 1

2

√
π
α3 ,

∫∞
−∞ x

4e−αx
2
dx = 3

4

√
π
α5 , a general for-

mula when the integrand is even is given by
∫∞
−∞ x

2ne−αx
2
dx = (2n)!

n!22n

√
π

α2n+1 , note that because the integrand

is even we can take
∫∞
−∞ x

2ne−αx
2
dx = 2

∫∞
0 x2ne−αx

2
dx

∫∞
0 xe−αx

2
dx = 1

2α ,
∫∞

0 x3e−αx
2
dx = 1

2α2 ,
∫∞

0 x5e−αx
2
dx = 1

α3 , a general formula when the integrand is odd and

from 0 to∞ is given by
∫∞

0 x2n+1e−αx
2
dx = n!

2αn+1 , note that because the integrand is odd ,
∫∞
−∞ x

2n+1e−αx
2
dx =

0

5. Riemann zeta function: ζ(p) =
∑∞

j=1
1
jp

p 1 3/2 2 5/2 3 4 5 6

ζ(p) ∞ 2.612 π2

6 ≈ 1.645 1.341 1.20206 π4

90 ≈ 1.0823 1.0369 π6

945 ≈ 1.017

6. The Bose integrals : gn(z) = 1
Γ(n)

∫∞
0

xn−1dx
z−1ex−1

,
∫∞

0
xndx
ex−1 = Γ(n+ 1) ζ(n+ 1),

∫∞
0

xnexdx
(ex−1)2

= nΓ(n) ζ(n),

7. The Fermi integrals : fn(z) = 1
Γ(n)

∫∞
0

xn−1dx
z−1ex+1

,
∫∞

0
xndx
ex+1 = (1− 1

2n ) Γ(n+ 1) ζ(n+ 1)

8. Sommerfield expansion formula :
∫∞

0
F (ε)dε

eβ(ε−µ+1
=
∫ µ

0 F (ε)dε+ π2

6 (kBT )2F ′(µ)

9. Infinite geometric series:
∑∞

n=0 x
n = 1

1−x ,
∑∞

n=0 nx
n = x

(1−x)2
,
∑∞

n=0 n
2xn = x(x+1)

(1−x)3

10. Finite geometric series: a
∑N

n=0 x
n = a 1−xn

1−x

11. Maclaurin series (power series): ex =
∑∞

n=0
xn

n! , (1 + x)n =
∑n

k=0

(
n
k

)
xk, and (a+ x)n =

∑n
k=0

(
n
k

)
xkan−k,

where the binomial coefficient
(
n
k

)
= n!

(n−k)!k!

Good Luck
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