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Advanced Calculus, Fifth Edition

The gradient obeys the following laws: |
grad(f + g) = grad f + grad g, (3.10)

grad(fg) = fgradg+ggrad f; (3.11)
that is, with the V symbol, |
Vf+g)=Vf+Vg  V(fg)=fVg+gVf. (3.12)

These hold, provided grad f and grad g exist in the domain considered. The proofs
are left for the problems.
If f is a constant ¢, (3.11) reduces to the simpler condition:

grad (cg) = cgrad g (c = const). 3.13)

~ If the terms in z are dropped, the preceding discussion specializes at once to two
dimensions. Thus for f = f(x, y), one has

af . of

grad f = Vf = —i+ —j,
ax ay
(3.14)
V= —a—i + 9
- ox 3y" :

PROBLEMS
1. Sketch the following vector fields:

a) v =(x? — yDi+ 2xyj, b) u=(x = y)i+(x+yj,

¢) v=—yi+xj+Kk, d) v=—xi-yj~-zk

2. Sketch the level curves or surfaces of the following scalar fields:
a) f=xy, b) f=xt+y'-7% o f=eP

3. Determine grad f for the scalar fields of Problem 2 and sketch several of the corresponding
vectors.
4. Show that the gravitational field (3.2) is the gradient of the scalar
kMm
f="="
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5. Show that the force field (3.4) is the gradient of the scalar
Vix = 1% + y?
Jox+ 12492

f =log

6. Prove (3.10) and (3.11).

7. Prove: If f(x, y, z) is a composite function F(u), where u = g(x, y, z), then grad f =
F'(u) grad g. _

8. Prove: grad g = Elg [g grad f — f grad g). >
9. If f = f(xy,...,Xxn), then the Hessian matrix of f is the matrx -

3a*f
H= (ax,-axj)'
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