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Advanced Calculus, Fifth Edition

coordinates, f becomes simply
MyF 4+ Ay,

where Ay, ..., A, are the (necessarily real) eigenvalues of A. It is thus clear that f
is positive definite precisely when all the A’s are positive. ‘

For further information on this topic, see Chapter 10 of Vol. 1 of the book by
Gantmacher listed at the end of the chapter.

For a general function F(xy,...,x,), with critical point at (x?, - ,xﬂ), the
method of Section 2.19 leads us to the quadratic form

where (u,, ..., u,) is a unit vector and all derivatives are evaluated at the critical
point. If this form is positive definite, then F has a minimum at the critical point.

- Hence if all eigenvalues of the matrix (8* F /0x; 0x ) are positive, there is a minimum.

Similarly, if all eigenvalues are negative, then there is a maximum. This matrix is
called the Hessian matrix of F.

PROBLEMS
1. Locate the critical points of the following functions, classify them, and graph the func-
tions:
¢ @) y=x3=3x, b) y = 2sinx + sin2x, ) y=e* —e 2,

2. Determine the nature of the critical pointof y = x" (n = 2,3,...)atx =0.

3. Determine the absolute maximum and absolute minimum, if they exist, of the following
functions:

a) y=cosx, =5 <x <%,
b) y=logx, 0 <x <1,
¢) y =tanh x, all x,
— X
Dy=ie allx .
4. Find the critical points of the following functions and test for maxima and minima:

a) z=+1-x%—y2,
b) z=14+x2+y2,
¢) z=2x%—xy—3y?—3x+7y,
d) z = x2 = Sxy — ¥,
e) z=x2—2xy+y?
) z=x3 - 3xy2 4+,
g z= x2 —~ 2x(siny +cosy) + 1,
- h)z = xy% + x%y — xy,
i) z=x>+)>
Dz=x4 432y +y4,
K) z=[x2 4 (v + D?)[x% 4 (y = 1)?] (interpret geometrically).
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5. Find the critical points of the following functions, classify, and graph the level curves of

10.

the functions:

a) z=e "V,

b) z =x* - y4,

¢) z = sinx cosh Y,

d) z = 52—,
)i= iy

e) z=x—xy+y?

f)z=x+y+/1—-x2—-y2

Find the critical points of the following functions with given side conditions and test for
maxima and minima:

a) z =3x + 4y, where x2 + y2 =1,

b) z = x* + y%, where x* + y* =1, .

¢) z = x% 4 24xy + 8y?, where x% 4+ y2 =25,

d w=x+z, wherex2+y2+7_2=1,

e) w=uxyz, Whel'cxz-+-y2 =landx —z =0,

f) w=x2+y2+2% wherex+y+z=1andx?+ y> - 22 =0.
Find the point of the curve

2

X —xy-}-yz—zz:l, x?

+y2=1

nearest to the origin (0, 0, 0).

. Find the absolute minimum and maximum, if they exist, of the following functions:

_ |
a) z= m, all (x, y)

b) z=xy, x> +y* <1,

Quw=x+y+z, x>+y*+22<1,

d w= e_“z_yl_zz, all (x, y, 2).

Determine whether the given quadratic form is positive definite:

a) 3x2 4+ 2xy + y?,

b) x* — xy — 2y?,

c) %x% + %x}xg + 2x§ + %xzx_{ + %x%

Prove the validity of the criterion (2.143) for a minimum, under the conditions stated.
[Hint: The function V4V, f(xg, yo) is continuous in & for 0 < o < 2w and has a

minimum M| in this interval; by (2.143), M| > 0. By the Fundamental Lemma of Section
2.6, 9z/dx and dz/dy have differentials at (xo, yo). Show that this implies that

vaf(x| )’) = Vaf(x'[h yD)+SVaVaf(x0| )’0) + €§ = Svavﬂf(xol )’0)+€S:

where x = xg+scosa,y = yg+ssina (s > 0)and Iel can be made as small as desired
by choosing s sufficiently small. Choose § so that |¢| < %M; for 0 < s < & and show
that

Vaf(x,y) =5[VoVaf(xo,¥0)+€]>0 forO<s <8.

Accordingly, f increases steadily, as one recedes from (xg, yo) on a straight line in the
neighborhood of radius & of (xg, yg).]



