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Advanced Calculus, Fifth Edition

graph in an appropriate set E: |[x — xy| < &,|v — wl| < é.|z — 29| < n. For the
equation G(x. vp, 2) = 0 we apply the theorem for the equation F(x,y) = 0 to
show that f(x. vy) has a continuous derivative f,(x, v;) and the equation

flxoyy = =G (x,y, flx )/ Go(x v, fxoy)

is satisfied at (xg, vo). By applying the same reasoning to each point (x., vy, f{x;. 1))
on the graph of f, we conclude that the last equation holds at each point (x. v) with
[x —xg| <8, ]y— vo| < 8.Since f 1s continuous, the right hand side of the equation
1s continuous for |x - xg] < 8. |y — vyl < & and therefore so also is f,(x, y). Similarly
f, 1s continuous and satisfies the analogous equation with G, replacing G .

A similar reasoning applies to the single equation F(v, x, ... .. v, ) = 0, to yield
asolution v = f(xy....,. v, ). For the general case of m equations F,(vy, ..., Vors
Xpy ... v,) = 0,i = |,....,m. one can proceed by induction. The case m = |

has been disposed of. If we have proved the theorem for m — | equations, then
we prove it for m equations by observing that the hypothesis on the Jacobian
A(Fy, ..., F,)/d(v,. ..., v,)implies that for some1i. aF, /dv, # 0at Py. For proper
numbering, we can take i = m and then solve the mth equation for y,, (by applying
the theorem for a single equation); we substitute the resulting function in the pre-

vious equations; one verifies that the new equationsin v, .. .. Vo1 Xpa e, Xy stll
satisfy the appropriate hypotheses. Hence by the induction assumption they yield
desired functions v, = f,(x;,..... v, )fori =1..... m — 1. Finally,
¥m = ,“‘m('\".l ----- AV P T X, )

= }'m{fl e fm—l- Xjo.ooo Xp) = fm(-"l ------ ).
PROBLEMS
1. Find (3z/dx), and (a:/dy), by Eq. (2.71):

a) D24yt - =3

b) xvz+ 2x?: 4+ 3xz° =1
) P xz+2y:—1=0
d) et + e¥s + -~ 1 =0
2. Given that
2x 4+ v — 32— 2u =0, r+2v+:4+u=0,

find the following partial derivatives:

dx ay ( dz ay
dy :‘ ax /), du _" /),
3. Find (du/dx), and (Bu/dy),:

Ry 2 gl 2 L ] 2
a) x- =y 4u +2v=1lx 4y —u-—v-=2

b) ¢ +xu—yvww—1=0¢"—xv+yu—-2=0

L=

el b
¢) x“+xu— v +ur=1,xu-2vv=1
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4. Given that
X+ _\-'2 +22 w4t =1. X = _\-‘2 + 22+t + 207 =21,
a) find du and dv in terms of dx,dv,and dz atthe pointx = 1,y = 1,z = 2, u = 3,
v =2;
b) find (du/dx), . and (dv/dy), . at this point;
¢) find approximately the values of w and v forx = 1.1,y =12,z = 1.8.

5. Ifxy 4+ 2xu 4+ 3xv+uv -1 =0,2xy + 3vu — 2xv + 2uv + 2 = 0, [ind the Jacobian
matrix [+ 4r].

6. Lct cquations F(x, xa, x3. x4) = 0, Fa(x|, x2. x3, x4) = 0 be given. At a certain point
where the equations are satisfied, it 1s known that

(HF,—)_ 31 0 2
xj) 15 1 =1 4]

a) Evaluate (dx/dx3),, and (dx;/dx4),, at the point.

b) Evaluate (dx;/dx3),, and (dx4/dx3),, at the point.
¢) Evaluate d(x|. x2)/d(x3, xq4) and d(x3, x4)/d(x|. x2) at the point.

7. Prove: If F(x, y,2) = 0, then (§2) (35) (), = —1.

8. In thermodynamics the variables p (pressure), T (temperature), U (internal energy), and
V (volume) occur. For each substance these are related by two equations, so that any two
of the four variables can be chosen as independent, the other two then being dependent.
In addition, the sccond law of thermodynamics implies the relation

){——*T‘)P+p—0

when V and T are independent. Show that this relation can be written in cach of the
t'ol]()wing forms:

by $L 4+ T8 — pIL =0 (U, V indep.),

O T—piL L 4.U) — o (v, pindep.),

dp HIN D)
au it 3V :
d) o T + T 57 I: - + P‘,,p =0 (p.T indep.),
d 1V WV, T .
€) n,{; :;E + iLU—) 0 (U, pindep.),

0 T4y — piy —1=0 (T, U indep.).

[Hint: The relation (a) implies that if
dU =adV + bdT, dp =cdV +edT

are the cxpressions for dU and dp interms of ¢V and dT, thena — Te + p = 0. To
prove (b), for example, one assumes relations

dT =adV + B dU, dp =y dV +8dU.

If these are solved for dU and dp interms of dV and d T, then one obtains expressions
for @ and ¢ in terms of «, 8. y. 8. If these expressions are substituted in the equation



