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ratio of corresponding lengths Ay, Ax: |dy/dx| ~ |Ay|/|Ax| for small Ax, since
dv/dx =lim(Ay/Ax)as Ax — 0.
The Jacobian determinant is also denoted as follows:

Ao v B fo)
Ay, .. ) ... ... x,)

The concept of Jacobian determinant and these notations can also be applied to »
functions of more than n variables. One simply forms the indicated partial deriva-
tives, holding all other variables constant. For example, for f(u, v, w), g(u, v, w),
one has
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PROBLEMS

1. Obtain the Jacobian matrix for each of the following mappings:
a) vi =5x; +2x2, v = 2x) + 3x>.
b) vi = 2,t|2 +x§, ya = 3x1X3.
€) V| = Xx|Xax3, v = xf‘x;.
d) u=xcosy, v=uxsiny, w=x".
e) w=x"yz.
f) w=x2+'v3—z, .
g) .rztz.}’=r3.z=

2. Obtain the linear mapping dy = fx dx approximating the given mapping y = f(x) near the
specified point and use the linear mapping to obtain an approximation to the value f(x)
specified.

a) vy = xf + x_‘l_, v» = xx2 at (2, 1), approximate £(2.04, 1.01).
b) ¥ = x1x2 — x3. v2 = x;x2 + xyxz at (3, 2, 1), approximate f(3.01, 1.99, 1.03).

) u=-e"cosy, v=e"siny,w = 2" at (0. 7/2), approximate value of («..v, w) for
(x,y)=1(0.1.1.6).

d) » :X%-{‘-“'-}-Xﬁ._\‘g =xf+xg+vvv+xﬁ ..... Vo= xi+-+xi ac(1,0,...,0),
approximate f(1,0.1, ..., 0.1).

3. Obtain the Jacobian determinant requested:

d(n. v) I 2 _ 2, .3
a) Ay) foru = x 3xv7,u=3x"y — v,
A, v, w) N eae e 1 — re¥ein - — xe¥
b) Ny o) foru = xe' cosz, v =xe'sinz, w = xe'.
af g ¢ _ 2 C oY — 202 4
c) ) for f(u.v, w) =wuvw, glu. v.w) =u"v° — w",
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d) ﬂi’:‘fi’f for flx vz ) =x"4+2y4+7" =17 glx.v.o.0) = xyz+17 hlx v 2. 1) =

3
el b
4. For the mapping v = ¢' cos yv. v = ¢"' sin y from the xy-planc to the wv-planc. carry out
the following steps:

a) Evaluate the Jacobian determinant at (1, 0).

b) Show that the squarec R,,: 0.9 < x < 1.1. =0.1 < y < 0.1 corresponds to the region
R.. bounded by arcs of the circles u* + v* = ¢'% u* + v* = ¢>* and the rays
v = *(tan 0.1) «. u > 0, and find the ratio of the area of R, to that of R,,. Compare

with the result of (a).

¢) Obtain the approximating linear mapping at (1., 0) and find the region R, . correspond-
ing to the square R, of part (b) under this linear mapping. Find the ratio of the arca
of R, to that of R,, and compare with the results of parts (a) and (b).
5. a) Lctu, v be linearly independent vectors in V=, Show by geometric reasoning that the
points P of the plane for which

x=($=(m+hv. O<a<], 0<b=<],

fill a parallclogram whose edges, properly dirccted, represent u and v.

b) Withu, vasin(a).lct A be a nonsingular 2 x 2 matnix, so that Au. Av arc also linearly
independent (Problem 13 following Section 1.16) and under the lincar mappingy = Ax
the parallelogram of part (a) 1s mapped onto a parallelogram given by

—_—
y=00 = Alauu+ hv) =aAu+ hbAv, O<ag=<l 0<h<],

in the planc.
Show that the arca of the second parallclogram is |det Al tmes the arca of the first.
[Hint: Let B be the matrix whose column vectors are u. v and let C be the matrix
whosc column vectors arc Au, Av. Show that the arcas in question arc |det B| and
fdet C1.|

6. Generalize the results of Problem 5 to 3-dimensional space. Thus 1n {a) usc threc vectors

u. v. wand consider the corresponding parallclepiped and in (b) take A to be a nonsingular
3 x 3 matrix and consider volumes.

2.8 DERIVATIVES AND DIFFERENTIALS OF COMPOSITE FUNCTIONS

The functions to be considered in the following will be assumed to be defined in
appropriate domains and to have continuous first partial derivatives, so that the
corresponding differentials can be formed.

THEOREM If - = f(x.v)yand x = g(r). v = h(r). then

dz dzdx dzdy
di ~ ox dr 7 33
dr ax dr + E]\ dt (2.33)

Il = f(x,v)yand x = glu,v), vy = h(u, v). then

az dz dx  dz dy az Az dx  dz dy
- = - — - - I—" - = — N - — (2-34)
du dx du  ady du dv dxdv  dydvu




