Chapter 4 Integral Calculus of Functions of Several Varnables

the correspondence must be one-to-one. From the level curves, one can follow the
variation of u and v on the boundary of R,, and thereby determine the boundary of
R,.. It can be shown that if R,, and R,, are each bounded by a single closed curve,
as in Fig. 4.8, if the correspondence between (x, y) and (u, v) is one-to-one on these
boundary curves, and J # O in R,,, then the correspondence is necessarily one-to-
one in all of R,, and R,,. For a further discussion of this point, the reader is referred
to Section 5.14. Actually, the conditions that the correspondence be one-to-one and
that J # O are not vital for the theorem. It is shown in Section 5.14 that (4.61) can
be written in a different form that covers the more general cases.

' PROBLEMS

1. Evaluate with the aid of the substitution indicated:
a) [(1—x*3dx, x =sing

b fo rros dx x=ut -1
O [ sy dx, 1 =1n(x/2)

/4 x cosx(x sinx — cos x)
d) f 0 1 4+ xcosx
2. Prove the formula

dx, t =14 xcosx

f &' (u)du = p(uz) — ¢(uy)

as a special case of (4.60).

3. a) Prove that (4.60) remains valid for improper integrals, that is, if f(x) is continuous
for x; < x < x7, x(u) is defined and has a continuous derivative for u; < u < uy,
with x(u)) = x, lim x(u) = x2, and f[x(u))] is continuous for u; < u < u,. [Hint:

e J TR

Use the fact that (4.60) holds with u; and x; replaced by ug and xo = x(uo), U1 <
ug < uy. Then let ug approach u;. One concludes that if either side of the equation
has a limit, then the other side has a limit also and the limits are equal. Note that x;
or u; or both may be 00.]

b) Evaluate [ x, sinh L dx by setting u = 1.

¢) Evaluate fu (1 — tanh x) dx by setting u = tanh x.
4. Evaluate the following integrals with the aid of the substitution suggested:

a) ffR”(I—xz—yz)dxdy,where Ryyis the region x2+y? < 1,usingx = rcosf, y =

rsing,
b) ff Wi+ y? —H’ dxdy,Wherchstheregionl<x<2 0<y<x,using x =rcosé,
y-rsmB

¢) [fx. (x — y)?sin*(x + y)dx dy, where Ry, is the parallelogram with successive
vemce‘; (m, O) Qr, ), (7,27), (0, 7)), usingu =x -y, v=x+Yy,

d) ffR T + = + y — dx dy, where R is the trapezoidal region bounded by the lmesx +y= I..

x + y = 2 in the first quadrant, usingu =1+ x4+ y,v=x -y,

€) [ /5x% +2xy + 2y? dx dy over the region R bounded by the ellipse 5x% 4 2xy +
2y2 =1, usingx =u+v,y=—2u+v.
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5. Verify that the transformation ¥ = e* cos y, v = ¢* sin y defines a one-to-one mapping
of the rectangle R,,: 0 < x < 1,0 < y < 7/2 onto a region of the uv-plane and express
as an iterated integral in u, v the integral

o2
dxdy.
ff 1 4 % cos? ysin’ y Y
R.r_r
6. Verify that the transformation
u=2xy, U:xz—yz

defines a one-to-one mapping of the square 0 < x < 1,0 < y < 1 onto a region of the
uv-plane. Express the integral

ff Jx? — 6x2y? + y*dx dy
R.l'_\'
over the square as an iterated integral in « and v.

7. Transform the integrals given, using the substitutions indicated:
a)folf(;"]og(1+x2+y2)dydx X=u+v, y=u—v _ ‘¢ i

b fo /i 1+ x52dydx, x=u, y=u+v . i
8. Let Ry, be the square 0 < u < 1,0 < v < 1. Show that the given equations define a
one-to-one mapping of R,, onto R, and graph R,,:

a) x=u+u’, y=e b) x =ue®, y=e"
) x=2u—-v: y=v4uv: d) x =5u —u?+v? y=>5v+ 10uv

9. Verify the correctness of (4.67) as a special case of (4.66). Show the geometric meaning
of the volume element r Ar A6 Az.

10. Verify the correctness of (4.68) as a special case of (4.66). Show the geometric meaning
of the volume element p? sin pAp AP A6.

11. Transform to cylindrical coordinates but do not evaluate:
a) fffR xzy dx dydz, where Ry, is theregion x2 + y2 < 1,0<z < 1;

b ) f; /I [a Y (x? — y2ydz dy dx.
12. Transform to spherical coordinates but do not evaluate:

a) [[f.  x*ydxdydz, where R,y. is the sphere: x? + y? + 2% < a%;
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b) [, f“ﬁ‘ix—; f\l/m(xz +y* + 2% dzdy dx. | %
4.7 ARC LENGTH AND SURFACE AREA g

In elementary calculus it is shown that a curve y = f(x),a < x < b, has length 1

d
[ 4
s = f 1+ dx (4.69)
dx -

and that if the curve is given parametrically by equatlons x =x(t),y = y(@) for
t; <t < 1, then it has length
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