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Chapter 4 Linear Second-Order Equations

Superposition Principle. If vj and v, are solutions to the equations
ay* + by +ey=g and ay' + by ey =g.,
respectively, then c,¥; + ¢1vs is a solution 1o the equation
ay” +by" + ey =2 + ex2

The superposition principle facilitates finding a particular solution when the nonhomogencous
term is the sum of nonhomogeneities for which particular solutions can be determined.

Cauchy-Euler (Equidimensional) Equations

ur‘:y" + by’ + cy = gif)
Substituting ¥ = 1 yields the associated characteristic equation
ar’+(b—ay+e=0
for the corresponding hemrogencows Cavchy-Euler equation. A general solution to the homo-
geneous equation for ¢ > 015 given by
(i) ep™ + cx™, if ry and r; are distinct real roots;
(i) of" + cofIn i, 1f ris a repeated root;
(i) cp®cosiBin ) + cy”sindB In 0, if & + i is a complex root.
A general solution to the nonhomogeneous equation is v = ¥, + vy, , where v, 15 a partic-
ular solution and v, 15 a general solution to the cormesponding homogencous equation, The
method of vanation of parameters (but not the method of undetermined coefficients) can be

used o find a particular solution.

fn Problems 1-28, find 0 peneral solution to the given

differentiol equarion.
Ly 48" -9 =0 240" +14y'+y=0
34y = Ay + 10y =0 4 9" =300+ 25y =0
560" -1V +3Ixr=0 & ¥vV+8"'—14v=0
T.3600"+ M4y +5v=0 & 25"+20v"+4y=0
Q 16:"=56"4+49:=0 10 u" ¥+ llu=10

1L ")+ seli)=0, >0

120 2y" -3 — 12y + 20y = D

13, v" + 16y = pe'

14 v* — 4" + Tv =0

REVIEW PROBLEMS

250

15 3" + 10y" + ' + 2y =0
16 v + 3" + 5% + 3y =10
17, y* + 10y = 1y =0

18. v = 120¢

1. 4" + 8" — 11 + Iy =10
20, 2y" — vy = tsint

2. v~ + Ty =7 - ¢
22 v" — By' — 33y = 546 5in 1
23, v"(#) + 16¢(8) = 1an 48

24, 10y 4y = 3y =1-¢F
25 49" = 12y' + Oy = & 4



26. v" 4+ 6y + 15y = &7 + 75
27 N+ 2 — 2y =6t + 3x
2B v =50l — 137, x>0

In Problems 29<36, find the solution te the piven initiaf

>0

velue problem.
9. v+ dy" + Ty=0D ;
o) =1, y(0)=-2
30. ¥"(8) + () + ¥(l) = Zcos @ ;
vio)=3, »o)=0
Al ¥" = 29" 4+ 10y = Geos 3 — sin 3
yo)=2, y0)=-8
A&y =4+ 5v=10 ;
oy=1, ¥0)=-11f2
By -1+ 2N + 40y =0 ;
o)=-3, y{0)=-6, y(0)=-12
My +5 - My=0 ;
o) =5, y(0)=1
IS Y@ + y#) =sech ; y0)=1, yil0)=2
36 N+ 12y +4y =10 |

¥i0)=-=3, y'(0)=3

1. Compare the two methods — ondetermined coefhi-
cients and variation of parameters— for determining
a particular solution o a nonhomogeneous eguation.
What are the advantages and disadvantages of each?
2. Consider the differential equation
.tf'tl'l.'
dx?
where b is a constant. Descrnibe how the behavior of
solutions to this equation changes as & varies,
3. Consider the differential equation
d*y
—< +ey=0,
dx”

dl'v
e 2h— =0
v
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37. Use the mass—spring oscillator analogy o decide
whether all solutions to each of the following diffier-
ential equations are bounded as ¢ — + 0o,

@y +i'y=0 b) v =ry=0

© v"+3y =0 ) v"+y =0

(e v+ (3+sintly=0 () y"+rv+y=0

Yy -ry-y=0

A 3-kg mass is attached to a spring with stiffness k =

75 Nim. as in Figure 4.1, page 163, The mass is

displaced 1/4 m to the left and given a velocity of

I misec o the ight. The damping force is negligible.

Find the equation of motion of the mass along with

the amplitude, penod, and frequency. How long after

release does the mass pass through the equilibrium
position?

39. A 32-1b weight is attached 1o a vertical spring. caus-
ing it o stretch 6 in, upon coming to rest at equilib-
rium. The damping constant for the system is 2 |b-
sec/ft. An external force F (1) = 4 cos & b is applied
to the weight. Find the steady-state solution for the
svstem, What is its resonant frequency ?
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where ¢ is a constant. Describe how the behavior of
solutions 1o this equation changes as ¢ vanies,

. For students with a background in linear algebra;
Compare the theory for linear second-order equa-
trons with that for systems of o linear equations in n
unknowns whose coefficient matrix has rank n — 2.
Use the terminology from linear algebra; for exam-
ple, subspace, basis, dimension, lincar transforma-
tion, and kermel, Discuss both homogeneous and
nonhomaogeneous equations.



