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When a = 1, solution (12.17.87) becomes

v = [ G- nm©d

where the Green’s function G (z,t) is given by
1 oo

G(w.t) = 5 e By 1 (—ak®t) dk

— % /_Oo exp (zk:x — atk:Q) dk

1 ( 22 )
= exp | —— ).
VAarat P dat

(12.17.89)

(12.17.90)

This solution (12.17.89) is in perfect agreement with the classical solution

obtained by Debnath (1995).

12.18 Exercises

1. Find the Fourier transform of
(a) f (x) = exp (—ax?), (b) f (x) = exp (—az|),

where a is a constant.
2. Find the Fourier transform of the gate function

1, |z| < a, ais a positive constant.

fa(z) =

0, |z| > a.
3. Find the Fourier transform of

1
()f(w)_% ()f(w) aa}(x):

, —a<zT<a

0, otherwise,

1-— %, z] <a
(c) f(z) = (d) f(x) = (x2_|_a2)

07 ’$| 2 CL,

4. Find the Fourier transform of

(a) f (x) =sin (2?), (b) f (z) = cos (2?).
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5. Show that
I:/ e_a2$2dx:ﬁ/2a, a >0,
0

by noting that

00 00 /2 poo
I? :/ / e_“2(‘”2+y2)dxdy :/ / e~ dr do.
o Jo 0 0

6. Show that
/ e~ cosbr dr = (V7/2a) eb7/4a”, a> 0.
0
7. Prove that
@) (@)= = [ eMF (k=7 (F ()
(b) F[f (az = b)] = 7e’*/*F (k/a).

8. Prove the following properties of the Fourier convolution:
(a) f(z)*g(x)=g(x)=*[(2), (b) fx(gxh)=(f*g)=h,
(c) f*(ag+bh) =a(f*g)+b(f*h), where a and b are constants,
(d) f+0=0xf=0, (e) fx1# .
(f) f*vV2md=f=V2mdx],

® FU @) =(FO W= F [ Fl-96@d
9. Prove the following properties of the Fourier convolution:

() £{f @)+ g (@)} = F (@) ¥ 9 (2) = f (@) + ' (),

(0) L [(fx9) @) = (f g (&) = (" % 9) (),

() (f )™ ™™ () = [f™) % g™)] (),

@ [ ro@d= [ swaf gwa

(e) If g (x) = 5= H (a — ), then

(f % g) (x) is the average value of f (x) in [z — a, = + a].
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() If Gy () = —L— exp (—ﬁ) then (Gy * Gy) (z) = Grrs (2).

Arkt

10. Prove the following results:

11.

12.

13.

14.

15.

(a) \/%7/ e~k t—iky jl. — \/Lﬂ e~ /4t7

o) [ Fwgm e = [ 06—

© [ Fwewar= [ 166wy

ax

(d) sina el = /2 &30 () e xpg o) (2) = L 42,

1

O Fmew (-5)« Frew (5) = iy o (xm):

Determine the solution of the initial-value problem

Upp = czum, —o0 < x < 00, t >0,
u(z,0)=f(x), ut(z,0)=g(x), —oo<z<o00.
Solve
Ut = Ugpx, x>0, t >0,
u(x,0) = f(z), u(0,t)=0.
Solve
Upp = c2umm =0, —00 < T < 00, t >0,
u(zx,0) = f(z), ug (,0) =0, —oo <z < o00.
Solve
Ut + CQU’LUCCIIZ:L‘ - 07 xr > 0, t> O,
u(z,0) =0, u (,0) =0, x>0,
u(0,t) =g (t), uze (0,t)=0, t>0.
Solve

Gpaz + Oyy = 0, —a<zxr<a, 0<y<oo,

do, 0 < |z| < a,
d)y (JT,O) =

0, |z| > a.

¢ (z,y) — 0 uniformly in z as y — oo.

523

a>0,
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16. Solve
Ut = Ugy +tUu, —00 < x < 00, t>0,
u(x,0) = f(z), wu(x,t)is bounded, —o0 <z < 0.
17. Solve
Ut — Uy +hu =6 ()0 (t), —oo<x <00, t >0,
u(z,0) =0, u (z,t) — 0 uniformly in ¢ as || — oo.
18. Solve
Up — Ugy +h (L) uy, = 5(x)5(t), 0<z< o0, t>0,
u(x,0) =0, uy (0,1) =0,
u (x,t) — 0 uniformly in ¢ as x — oc.
19. Solve
Upy + Uyy = 0, 0<z<oo, 0 <y < oo,

u(z,0) = f(z), 0<a<os,

uz (0,y) = g(y), 0<y<oo,
u (z,y) — 0 uniformly in x as * — oo and uniformly in y as z — oc.

20. Solve
Upy + Uyy = 0, —o0 < T < 00, 0<y<a,
u(z,0) = f(z), wu(x,a)=0, —00 < & < 00,
u (z,y) — 0 uniformly in y as |z| — oc.
21. Solve
Ut = Ugy, >0, >0,
u(z,0) =0, x>0, u(0,t)=f(), t>0,
u (z,t) is bounded for all x and ¢.
22. Solve
Ugg + Uyy = 0, x> 0, 0<y <1,

u(z,0)=f(x), wu(x,1)=0, x>0,

u (0,y) = 0, u (x,y) — 0 uniformly in y as z — oo.
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23. Find the Laplace transform of each of the following functions:

(a) t™, (b) coswt, (c) sinh kt,
(d) cosh kt, (e) te™, (f) e sin wt,
(g) e coswt, (h) ¢ sinh kt, (i) tcosh kt,

ORVAS (k) VE. (1) et

24. Find the inverse transform of each of the following functions:

25.

26.

s 1
@) mrayey ) ey
(C) (s—a)l(s—b)’ (d) ma
(©) sray () sy

The velocity potential ¢ (z, z,t) and the free-surface evaluation 7 (z,t)
for surface waves in water of infinite depth satisfy the Laplace equation

Gag + ¢z = 0, —00 < x < 00, —00 < z <0, t>0,
with the free-surface, boundary, and initial conditions

¢, =mn on z=0, t>0,
¢or+gn =0 on z=0, t>0,
¢, —0 as z— —o0,

¢(x,0,0) =0 and n(z,0)=f(z), —oo<z < 00,

where ¢ is the constant acceleration due to gravity.
Show that

¢ (x,z,t) = —\/% Kk :F (k) el*lz=ikz gipy (\/g k| t) dk,

1 > —ikx
n(a:,t):E/ F(k)e cos( g|k|t)dl<:,

where k represents the Fourier transform variable.
Find the asymptotic solution for n (z,t) as t — oc.

Use the Fourier transform method to show that the solution of the
one-dimensional Schrodinger equation for a free particle of mass m,

h2
thy = ——Vpe, —00 < x <00, t >0,
2m

¥ (2,0) = [f(z), —00 <z < 00,
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where 1 and v, tend to zero as |z| — oo, and h = 27h is the Planck
constant, is given by

wx,t):#/_w F(6)C(a— ©) de.

where G (z,t) = (21\/1) exp [——t] is the Green’s function and v = im

27. Prove the following properties of the Laplace convolution:
(a) frg=gxf, (b) f*(gxh)=(fxg)=h
(c) f* (g + Bh) = a(f xg)+ B(f *h), a and B3 are constants,
(d) f*0=0xf,
(e) FL(f*g) )= f () *g )+ f(0)g (1),
(F) L [(fra) D] =F" ) xg @)+ (0)g(t) + £ (0) g (¢),

(&) 5 [(f+g) ()] = f0) (¢ ) + Zf(k) ) gtk (1),
28. Obtain the solution of the problem
Uy = Uy, 0<x < 00, t >0,
u(z,0) = f(z), u(x,0)=0,
u(0,t) =0, u (x,t) — 0 uniformly in ¢ as © — 0.
29. Solve
utt:c2um, O<ax<l, t>0,
u(z,0) =0, ug (z,0) =0,
w(0,t) = f(t), w(l,t)=0, t=>0.
30. Solve
Up = KUz, 0<x <00, t >0,
u (z,0) = fo, 0<z< o0,
u(0,t) = fi, u(x,t) — fo uniformly in t as z — oo, t > 0.
31. Solve
Up = KUz, 0<x <00, t >0,
u(z,0) =z, x>0,

u(0,t) =0, u(z,t) — x uniformly in ¢t as z — oo, ¢ > 0.



32.

33.

34.

35.

36.

37.

38.

12.18 Exercises
Solve
Ut = KUz, 0<x <00, t >0,
u(z,0) =0, 0<x< o0,
u (0,t) = t2, u (z,t) — 0 uniformly in t as ¢ — oo, ¢ > 0.
Solve
Ut = Klge — hu, 0<xz <00, t>0, h=constant,
u(z,0) = fo, x>0,
u (0,t) =0, ug (0,t) — 0 uniformly in t as x — oo, ¢ > 0.
Solve
Ut = Klgy, 0O0<x<o00, t>0,
u(z,0) =0, 0<z< o0,
u (0,t) = fo, u (z,t) — 0 uniformly in ¢t as x — oo, ¢ > 0.
Solve
uttZCQum, O<ax<oo, t>0,
u(z,0) =0, u (2,0) = fo, 0<x < oo,
u(0,t) =0, Uz (x,t) — 0 uniformly in t as x — oo, ¢ > 0.
Solve
uttZCQum, O<x<oo, t>0,
u(z,0) = f(x), w(x,0)=0, 0<z<oo,
u(0,t) =0, Uy (z,t) — 0 uniformly in t as x — oo, ¢ > 0.
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A semi-infinite lossless transmission line has no initial current or poten-
tial. A time dependent EMF, V; (t) H (t) is applied at the end z = 0.
Find the potential V (z,t). Then determine the potential for cases: (i)

Vo (t) = Vo = constant, and (ii) Vp (t) = V{ cos wt.

Solve the Blasius problem of an unsteady boundary layer flow in a semi-
infinite body of viscous fluid enclosed by an infinite horizontal disk at
z = 0. The governing equation, boundary, and initial conditions are

ou 0%u

— =V—F 0 t>0

ot 1/822, z >0, > 0,
u(z,t) = Ut on z=0, t >0,
u(z,t) -0 as z—o0, t>0,
u(z,t) =0 at t<0, z > 0.

Explain the implication of the solution.



