220 6 Fourier Series and Integrals with Applications

We have, from (6.13.12),
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6.14 Exercises

1. Find the Fourier series of the following functions:

T —rT<x<0
(a) f(x)= h is a constant
h 0<x<m,
1 —rT<x<0
(b) f(z) =
z? 0<x<m,

@) f(z) =2 +sine —m<az<m,
d) f(z)=1+= —r<z<m,
(e) f(z) =e" —T <z <,
f) fz)=1+x+2* —m<z<T.

2. Determine the Fourier sine series of the following functions:

(a) fz)=m—x O<x<m,
1 0<z<m/2
(b) f () =
2 T/2 <z <,
(c) f(z) = 22 0<z<m,
(d) f(x) =cosx 0<z<m,
(e) f(x)=a3 0<zxz<m,

(f) f(z)=¢" 0<x<m.
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3. Obtain the Fourier cosine series representation for the following func-
tions:

(@) f(x) =7 +a 0<z<m,
(b) f(z) =z 0<z<m,
(c) f(x) = 22 O<z<m,
(d) f (z) = sin 3z O<z<m,
(e) f(x) = e O<z<m,
(f) f(z) = coshz O<z<m

4. Expand the following functions in a Fourier series:

(a) f(z)=2%+x —-l<z<l,

1 0<z<3
(b) f(z) =

0 3 <z <6,
(¢) f(z) =sin(mz/l) 0<z<l,
(d) f(z) =23 —2<x <2,
(e) flx)=e" 0<z<1,
(f) f(z) =sinhx -l<z<l.

5. Expand the following functions in a complex Fourier series:

(a) f(x) =e*® —m<x<T,
(b) f(z) = coshz —m < x<T,
1 - <z <0

(c) f(x) =
cosT 0<ax<m,
(d) f(z)== -l<z<l,
(e) f(z) = 22 —m <z <,

(f) f(x) = sinh (7x/2) —2<x <2
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6. (a) Find the Fourier series expansion of the function

0, —7m<x<0

f(z) =

x/2, 0<z<m.
(b) With the use of the Fourier series of f (x) in 6(a), show that
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7. (a) Determine the Fourier series of the function
f(x) =22, —l<x<l.
(b) With the use of the Fourier series of f (x) in 7(a), show that
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8. Determine the Fourier series expansion of each of the following functions
by performing the differentiation of the appropriate Fourier series:

(a) sin® x 0<zx<m,
(b) cos® x O<x<m,
(c) sinx cosx O<z<m,
(d) cosz + cos2x 0<z<m,
(e) cosx + cos2x 0<z<m.

9. Find the functions represented by the new series which are obtained by
termwise integration of the following series from 0 to z:

o
k41

(a) Z%sinkxzzﬂ —m < x<T,

k=1
00 1 —nT<x<0

% %Z sink:x:

2 0<z<m,

O
Z kH COS’“ =1In (2005%) —rT<x<m,

k=1
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o0

sin(2k+1)x e —ma?
(d) (2(k+J1r)3) = 0<x<2m,
k=1
00 -1 —m<x<0
4 sin(2k—1)x m v
(e) (?) Z 2k—1)
k=1 1 O<z<m.

10. Determine the double Fourier series of the following functions:

11.

12.

(a) f(x,y)=1 O<zx<m O<y<m,
(b) f (z,y) = xy? O<z<m 0<y<m,
(c) f(x,y) = 22y? O<z<m 0<y<m,
(d) f(z,y) =22 +y —T<x<T —T<y<m,
(e) f(x,y) = xsiny —nT<x<T - <y<m,
(f) f(x,y) =e*tY —r<r<T —T<y<m,
(g) f(z,y) =2y 0<z<1 0<y<2,
(h) f(z,y) =1 0<zr<a 0<y<b,
(i) f(x,y) = xcosy -l<z<l1 —2<y<2,
G) f(z,y) = zy? —r<r<m —rT<y<m,
(k) f(z,y) = 2°y? —mT<x<T - <y<m.

Deduce the general double Fourier series expansion formula for the func-
tion f (x,y) in the rectangle —a < z < a, —b < y < b.

Prove the Weierstrass Approximation Theorem: If f is a continuous
function on the interval —7 < z < 7 and if f (—7) = f (), then, for
any € > 0, there exists a trigonometric polynomial

a & :
T (x) = ?O + Z (ay cos kx + by, sin kx)
k=1
such that
[f (z) =T (2)] <e

for all x in [—m, 7].



