Review Problems 389

A general solution to the nonhomogeneous equation (1) can be writlen as
yixl = wlxl + wylxl .

where ¥, 1s some particular solution 1o (1) and y;, is a general solution to the comesponding
homogeneous equation. Two uselul technigques for finding particular solutions are the annihi-
lator method (undetermined coefhicients) and the method of variation of paramelers.

The annihilator method applies to equations of the form

(6} Ly] = glx) ,

where L is a linear differential operator with constant coefficients and the forcing term glx) is a
polynomial, exponential, sine, or cosine, or 4 linear combination of products of these. Such a func-
tion g{x) is annihilated (mapped to zero) by a linear differential operator A that also has constant
cocflicients. Every solution to the nonhomogencous cquation (6) is then a solution to the homoge-
neous equation AL[v | = 0, and, by comparing the solutions of the latter equation with a general
solution (o [.[J.-] = (), we can obtnin the form of a pamicular solution to (6), These forms have
previously been studied in Section 4.4 for the method of undetermined cocfficients,

The method of variation of parameters is more general in that it applies to arbitrary equa-
tioms of the form (1) The idea is, starting with a fundamental solution set {.TI ..... Irp} for (2},
to determine functions vy, .. .. wr, such that

(7 ypbx) = vyldvlx) + - + wlady,{x)
satisfies (1), This method leads 1o the formula

slWile)

5 _\',.,{-l'} = *_E' }'L[-"-']{“.-[\,I o ]“J

dy ,

where
Wg{:} e ‘._”" t!"I"I[_‘l'p. ean Yh=Iv Yhd]naana _'l'nH.l'} ' k=1,.... n.

REVIEW PROBLEMS

1. Determine the imervals for which Theorem | on ih) {‘.'_"m T, re'sin v, e, .r-r'}
page 343 gusrantecs the existence of a solution in
that interval.

(a) v = (Inxly" + 0’ + 2y = cos 3
(b (x* = Iy™ + (sinx}y™ 4+ Vx + 4y + ¢’y =

(e) {2 — &' e + 1, =3, + 1}

3. Show that the set of functions {sin ¥, x sin x, 1 sin x,
o sin v} is linearly independent on ( — oo, oo,

4. Find a general solution for the given differential

43 equation.
2. Determine whether the given functions are linearly @y + 2" -4 -2 + 3y =0
dependent or linearly independent on the imterval () v + 3" =5 +y=10
[0, o). ic) },I'E'I 0 _'I'HI - Y —y=0
(a) {r:',.tlrh,c'_'} fdy ¥ = 2v" =¥ + 2y =" + x
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Chapter 8 Theory of Higher-Order Linear Differential Equations

5. Find a general solution for the homogeneous linear

differential  cquation with  constant  coefficients

whiose auxiliary equation is

(@ (r+5P(r— 20"+ 1P =0.

) lr=1F (P +2r+4f=0.

Given that ¥, = sinl.x*) is a particular solution to
¥y 4y = (160 — 11)sin(x?) — 48x%cos(x?)

on (0, 0o, find a general solution.

Find a differential operator that annihilates the given

function.

(@) a2 — 2x'+ 5 b) e +x—1

{c) xsin2x (d) x*e > cos dx

(e} x* — 2x + xe™* + sin 2x — cos 3x

Lise the annihilator method 1o determine the form of

a particular olution for the given equation.

second-order and higher-order linear differential
equations. [nclude in vour comparizons both theoret-
ical resulis and the methods of solution. For exam-
phe, what complications arise in solving higher-order
equations that are not present for the second-order
case?

Explain the relationship between the method of
undetermined coefficients and the annihilator
method, What difficulties would you encounter in
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@y +6" +Sy=¢e "+ x =1
) ¥~ + 2y — 19 =20y =xe ™
e) vV + 6" + 9y = x* — sin 3x
(d) ¥v* = y" + 2y = yginx

. Find a general solution to the Cauchy-Euler equation

3 2 ERET
oy ==+ =",
x>0,

given that {x. x*, x '} is a fundamental solution set
o the corresponding homogeneous equation.

. Find a general solution to the given Cauchy-Euler

cquation.
(@) 4" + By - +y=0, x>0
ihj _t"'_r“-!- 1E=_1."'+ 2oy’ +dv =10, x>0

B TECHNICAL WRITING EXERCISES '

1. Describe the differences and similarities between

applying the annihilator method if the linear cqua-
tion did not have constant coefficients?

For students with a background in linear algebra;
Compare the theory for kih-order linear differential
cquations with that for systems of n linear equations
in n unknowns whose coefficient matrix has rank
i = k. Use the ierminology from linear algebra; for
example, subspaces, basis, dimension, linear trans-
formation, and kemel. Discuss both homogeneous
and nonhomaogencous equations.



