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Abstract 

The study focused on ten teachers taking part in a teacher development programmer for year 3 mathematics teaching. The teachers were asked to articulate their content knowledge and pedagogical content knowledge of number, with a particular emphasis on place value. This knowledge was compared and contrasted with mathematics activities they used in classroom practice. An analysis informed by emergent qualitative enquiry traces the ways in which teacher practice and the articulation of knowledge appeared to be connected. It also considers the wider factors which teachers perceived to shape their classroom practice. Such factors included teachers’ overall goals for year 3 students and the transition from what teachers perceived to be a less to more formal teaching approach. Suggestions are included for the nature of the content and pedagogical content knowledge that is critical to best practice at year 3, and the paper describes the implications of this for teacher education.

Introduction 

The TIMS study (Garden, 1997) identified New Zealand children's performance with whole numbers as being well below their international counterparts. Garden raised questions about teachers' subject knowledge, but several commentators have warned against simple solutions to raise standards. Stigler and Hiebert (1997), in discussing the significance of the TIMS video study for improving classroom mathematics teaching in the US, suggested that "What we need to improve teaching over time is an approach that recognizes that teaching can be studied and improved but at the same time acknowledges the cultural complexity and embeddedness of teaching" (p.20). They called for a constant process of teacher development to improve teaching. 

In response to the results of the TIMS study the New Zealand government set up a numeracy taskforce. This made a number of recommendations that included teacher development to mathematics support for year 3 students, and the research reported in this paper followed a small sample of teachers involved in this initiative. Other initiatives arising from the Taskforce’s recommendations include a series of school journals with a mathematical focus (the "Connected" series), a web site devoted to problem solving, and a CD-ROM to enhance teachers’ pedagogical content knowledge of place value and related number concepts. 

Since the data-gathering phase of this project there have been a number of interesting developments in New Zealand junior mathematics education. A key one of these has been the interest shown by a number of mathematics educators and the Ministry of Education in the Count Me In Too (Department of Education & Training, 1998) project based on the work of Wright (1997) and others. Visits by NSW Ministry officials in April 1999 led to facilitator training programmes being set in place for the end of 1999 and nationwide trials planned for 2000. There has been a shift in emphasis to mental strategies partly through the influence of the British government’s National Numeracy Strategy, launched in 1999. New school guidelines that emphasise literacy and numeracy have been gazetted by the New Zealand government to take effect from the year 2000.

Background

The complexities of place value understanding have been the focus of much research particularly over the last two decades. Hiebert and Wearne (1992) described these complexities as arising from the interrelationships between different aspects of place value.

Understanding place value involves building connections between the key ideas of place value, such as quantifying sets of objects by grouping by 10 and treating the groups as units…, and using the structure of the written notation to capture this information about groupings. Different forms of representation for quantities, such as physical materials and written symbols, highlight different aspects of the grouping structure, and building connections between these yields a more coherent understanding of place value. (p.99)

However, as Hiebert and Wearne pointed out, "it is not yet clear exactly what features of instruction facilitate conceptual understanding" (p.99). 

Recently a number of writers (e.g. Fuson et al., 1997; Jones et al., 1996; Young-Loveridge, 1999) have identified the different conceptual structures or key constructs in their attempts to capture the complexities of place value and multi-digit understanding for instructional purposes. Fuson et al.(1997) have developed what they term the UDSSI Triad model to explain the developmental sequence of children’s two-digit conceptual structures. In this model they identified five conceptual structures which are the initials used in the name: U for unitary, D for decade and ones, S for sequence tens and ones, S for Separate tens and ones, and I for integrated sequence-separate tens and ones. In their model they identify the concatenated single digit conceptual structure as incorrect, (i.e. thinking of a number such as 53 as five and three). Jones et al. (1996) stated that "of particular relevance to this research [on place value] are part-part-whole and comparison schemas that, together with additive and multiplicative compositions, form a major foundation for multidigit number development in the primary grades"(p.311). 

Jones et al.(1996) identified four key constructs of :

· Counting 

· Partitioning 

· Grouping 

· Number relationships 

 

across 5 levels of: 

· Pre-place value (Level 1) 

· Initial place value (Level 2) 

· Developing place value (Level 3) 

· Extending place value (Level 4) 

· Essential place value (Level 5) 

The place of counting in place value understanding is well documented in the literature (Fuson, 1990; Kamii, 1985; Steffe & Cobb 1988). Drawing on such literature, Jones et al.(1996) suggested that what is important is the need to move from using one as the counting unit to using ten as the iterable unit, followed by using a tens-ones counting strategy. Teachers for some time have acknowledged the place of rote counting and enumerating as a basic or fundamental concept. However at this very early stage this involves rote counting and enumerating by ones. Recently the place of counting in early number conceptual development has been highlighted through such projects as the Numeracy Initiative in the UK and Count Me in Too in NSW, Australia. Counting is identified by Jones et al. (1996) specifically under two key constructs of counting and grouping in their framework of multi-digit number sense. It is also implied in the other constructs. The construct of counting on the Jones et al (1996) framework is described according to five levels. This is a much more comprehensive view of counting than is typically reflected in resources such as Beginning School Mathematics (Ministry of Education, 1992a) and previous syllabuses and the current New Zealand curriculum statement. The approach taken by Jones et al. and others such as Fuson et al. (1997) and Steffe and Cobb (1988) underscores the central function of counting in promoting an understanding of multi-digit numbers and emphasises the shift from single-unit counting to counting by tens.

Another key construct identified by Jones et al. (1996), drawing on the work of Resnick (1983), is that of partitioning. Unique partitioning was a term used by Resnick to suggest standard form composition that she suggested was distinct from multiple partitioning (nonstandard form) of multidigit numbers. These aspects relate to the notion that numbers are ideas that can be expressed in many different ways through having an understanding of the component parts. The construct of partitioning is described according to five levels of thinking about numbers in the Jones et al. (1996) framework. The first level entails different way of expressing numbers up to 10, in other words as being about the idea that numbers can have many names but still be a representation of the same quantity. In the second level the focus shifts to multi-digit numbers with the emphasis being on expressing the number in terms of tens and ones or in Resnick’s (1983) terms "unique partitioning". This is commonly referred to in curriculum documents as "expanded numerals". Perhaps the most frequent occurrence of unique partitioning in classroom practice of place value is the action of renaming.

The notion of grouping is generally regarded as another of the central components. Jones et al. draw on the work of Bednarz and Janvier (1988) to suggest that one important aspect is children’s reasons for forming grouping. Counting in groups of fives and tens has been highlighted as a benchmark and suggested as part of the construct of grouping, particularly for pre-place value and initial place value understanding. The fourth key construct Jones et al. argue is number relationships, that is a sense of the magnitude of numbers in absolute terms as well as in relation to each other, and a sense that the number sequence is ordered by increasing magnitude. This includes an understanding of "greater than" and "less than" which is often a common feature of Year 3 mathematics programmes. 

Methodology

The study involved ten teachers taking part in a teacher development programme for year 3 mathematics teaching. The teachers were asked a number of different questions in an attempt to tap the nature of their understanding of place value and related number concepts. In the first interview the teachers were asked directly what they understood by the term "place value". The second interview took a less direct approach and insights into teacher understanding of place value were gained in responses to the following questions:

· I suppose there have been some challenges and problems in teaching number. Can you tell me about them? 

· What areas of number do children find particularly difficult or easy? 

· What prior or informal knowledge would you want children to have before you start teaching place value? 

· What about the teaching and learning progressions of place value? Can you think about what they might be? 

· So what maths do you think children should learn at Year 3? 

The teachers’ explanations of place value in response to the direct question in the first interview reflected a literal view of place value. This might say more about the nature of the question than about these teachers’ understanding per se. Their responses to the second set of questions resulted in much richer data with all of the key aspects mentioned above being evident. 

The responses from both interviews have been analysed to highlight evidence of aspects of place value. References to the key constructs of counting, partitioning, grouping, and number relationships that Jones et al. (1996) used to structure their framework about the development of whole number place value ideas are examples (See Appendix). Often the responses incorporated examples from the classes and individual children these teachers were working with at that time. Given this contextual influence, the responses should not be seen as necessarily the extent of these teachers’ overall understanding of the "big idea" of place value. Rather the focus was on looking for trends and patterns across the sample rather than on any individual’s knowledge and practice. 

The classroom mathematics programme of each participating teacher was observed over a four to five day period. The classroom activities observed were also categorised according to the Jones et al. (1996) framework. A later stage of analysis resulted from mapping the pattern of teacher responses from the interviews onto the overall pattern of classroom activities. Fennema and Franke’s (1992) model of teacher knowledge was used to interpret the patterns of this data and to identify the varying contextual influences impacting on the development of teachers’ knowledge and classroom practice in place value and related number concepts.

 

 

 

Teachers’ Knowledge: Developing in Context

From: Fennema & Franke (1992, p.162)

 

Findings

General ideas about place value

When asked about place value all of the teachers in the first interview based their explanations on the notion of positioning and the value of a digit. Such explanations often referred to the ones, tens and hundreds columns. Other words used by the teachers to denote a sense of position included:

· place [ment] [ed] 

· position[ing] 

· column 

· where the number is [fit in] [go], belongs, and lives. 

Words used to describe value were less variable such as:

· worth 

· hierarchy 

· value. 

· face, place and total value. 

Such explanations reflect the definition of face, place and total value included in Cycle 11 of Beginning School Mathematics (Ministry of Education, 1993). Such definitions can also be found in the glossary of Mathematics in the New Zealand Curriculum (Ministry of Education, 1992b):

Face value: "The value of the number that a digit names. For example, in 57, 5 has face value five" (p.212)

Place value: "The value of the place a digit occupies, for example, in 57 the 5 occupies the tens place" (p.214) 

Total value of a digit: "The product of the place and face values, for example, 5 in 54 has total value fifty" (p.216). 

This appears to be a continuation of the approach taken in an earlier New Zealand mathematics syllabus (Department of Education, 1985). For example under "Topic C: Numeration", children in years 3 and 4 were required to "Name the face, place, and total value of any digit in a numeral" (p.23). 

Counting  (العّد)

None of the teachers made any references to counting when asked to explain the term place value in the first interview. However in responses to some of the later questions teachers made a range of references that varied from rote counting by ones forward and backwards to counting in fives, tens and hundreds. References to counting in the teachers’ responses tended towards the descriptions of the first two levels of Jones et al.’s (1996) framework (See Appendix). With reference to level 1 of the counting construct all teachers interviewed mentioned one of the aspects Jones et al. described. For instance, eight out of the ten teachers while being interviewed mentioned counting and counting on by ones. Six out of the ten interviewed also highlighted counting back by ones. Seven mentioned counting informally by tens. Many of these seven teachers also included counting by twos and some by threes and fours. Counting in Maori was noted by several teachers as being useful for explaining notions of place value. References to aspects of level 2 were not as common. Half the teachers made references to counting groups of ten as single entities as distinct from counting by fives and tens. Only two teachers referred to counting on by tens and ones specifically. None referred to forming and counting groups of tens and extras, a third aspect of level 2 of the counting construct on the Jones et al. framework. There were no references at all to aspects in levels 3 to 5 of the counting construct. 

Evidence of opportunities in the classrooms for developing counting as part of place value understanding centred on the first level with four classrooms providing opportunities at level 2, and only 2 classrooms at level 3. The explanations and observations appear to reflect more a notion of counting in terms of a fundamental skill rather than of its place in building a more robust understanding of multi-digit numbers. This is not surprising in view of the way in which counting is portrayed in the Beginning School Mathematics resource and in Mathematics in the New Zealand Curriculum (1992b). This is very much at level 1, or what Jones et al. term "pre-place value".

Partitioning   (التقسيم)

Evidence of partitioning as a construct appeared in most of the teachers’ explanations. Only four of the teachers referred to partitioning at level one or the pre-place value level of Jones et al’s framework (See Appendix). This probably reflected their assumption that children at the year 3 level had moved beyond making numbers such as 5, 8 and 10 in different ways. The four references were exclusively referring to different names for 10. All the teachers made some type of reference to partitioning at level 2 of making multidigit numbers in different ways, but especially those names which use tens and ones, or what Resnick (1983) termed "unique partitioning". Four of the teachers mentioned that they used Maori numbers to help develop an understanding of tens and ones. About half the teachers’ references were more robust than the others which tended to reflect more of a focus on renaming ten ones as one ten in multi-digit addition or one ten as tens ones in multi-digit subtraction. In fact all but one of the teachers made reference to renaming in double column addition or subtraction. There was little evidence of partitioning from level 3 onwards, apart from two references to multiple partitioning (Resnick, 1983) or making multi-digit numbers in nonstandard ways. 

Examples of level 3 partitioning in classroom practice appeared more prevalent than the references to this in the teacher interviews. This apparent mismatch between what the teachers talked about in their interviews and the observed classroom practice may be explained by categorising broadly defined activities such as "Quick ten" (a range of questions which might require children to rename numbers) as possible opportunities for learning such concepts at the various levels. 

Grouping  (التجميع)

Grouping was emphasized by a number of the teachers, but only in terms of the practice of forming groups of ten either by bundling objects together or sorting discrete objects into groups of ten. Sometimes the teachers used the word to describe what might more correctly be called partitioning. There was little evidence of teachers referring to estimating and checking by grouping. Most of the teachers (8 out of 10) referred to counting by fives and tens which is at level 1 of the grouping construct of the Jones et al. (1996) framework (See Appendix). Two of the teachers referred to grouping as "making it quick and easy to check", a level two descriptor. Apart from this, all evidence of references to grouping matched level 1 of the framework. 

There was a similar pattern in the classroom observations with the one observation noted being a possible opportunity to use grouping as a strategy for solving word problems about money. Many of the level 1 observed instances focussed on counting by fives and tens, but these examples did not always include estimation using 5 and 10 as a benchmark, nor grouping to make it quick and easy to check.

Number relationships

Most of the references to number relationships centred on "more than/less than" relationships, incorporating references to a focus on the numbers in between. There was what would be best described as general references about the order of numbers by 6 of the teachers. It was harder to find evidence of specific references to level 2 descriptor in the Jones et al. (1996) framework of ordering multi-digit numbers within and across decades, with possibly three teachers making such a reference (See Appendix). References to aspects of number knowledge in levels 3 to 5 did not appear to be evident in the teachers’ comments. The classroom observations did not follow the pattern of references in the interviews, but rather instances of activities which might provide an opportunity at level 2 of the Jones et al framework were found in 7 out of the 10 classrooms. It may have been that many of these activities were those that teachers typically do on a daily basis such as "What’s my number?" where children ask a number of questions relating to number knowledge of their teacher or a peer to try to find a number in a prescribed range. Only two classrooms had instances of activities at higher levels.

Discussion

Context specific factors of the teaching process give rise to the complexity of teachers’ pedagogical content knowledge. A number of themes have emerged from the data that confirm the ways in which teachers’ knowledge develops in context (Fennema & Franke, 1992). There appears to be a good fit in terms of overall trends rather than individual cases, between the teachers’ interview responses and their classroom practice. From this it is possible to conjecture that what teachers say about their practice in number is shaped by their immediate classroom context. This means that any such data should only be viewed as a snapshot in time and place rather than complete statements of static knowledge. These snapshots link the teachers’ knowledge and pedagogical decisions about the particular children they are teaching at that time, the resources they are using, and the wider influences impacting on their classroom practice. Context specific knowledge draws on a number of different knowledge bases (Fennema & Franke, 1992). These knowledge bases include knowledge of mathematics, pedagogical knowledge, knowledge of learners’ cognitions in mathematics, as well as beliefs held by teachers and the community about number and this stage of schooling. The patchy nature of the context specific knowledge evident from the teachers’ interview responses may be best explained by the uneven contributions of these different knowledge bases. 

There is a trend evident from both the interview responses and classroom observations towards an emphasis on more elementary aspects of place value and number related knowledge when analysed according to the Jones et al (1996) framework (or probably any other such framework)(See Appendix). I am suggesting that this is not just a matter of the extent of teacher subject knowledge of the mathematical idea of place value with reference to a framework of multi-digit number understanding such as that of Jones et al. What is equally important as an explanation for this emphasis is a consideration of the contextual factors (e.g. resources available, the prescribed programme for the school, and so on) that shape classroom practice. 

The stage of schooling represented at year 3 of the transition from the junior to middle schools appears to be one pivotal factor which shapes classroom practice in mathematics at this level. This transition does not appear to be as well understood and investigated as the transition to school from early childhood education settings. However, in terms of a subject such as mathematics this transition may be more important. The stage of schooling at year 3 appears to be a marker for the perceived formality associated with teaching and learning mathematics in the middle school years that is frequently expected by parents and education agencies, as well as by teachers themselves. This is often signalled by greater emphasis on written recording, desk-work, formal algorithms, written assessment, and learning and testing of the multiplication and addition tables. There is often less emphasis on equipment and "hands-on" activities. This contrasts with the junior schools’ emphasis on language related learning and preparing children for learning how to learn in a general rather than a mathematical sense (Higgins, 1998). Added complexity originates from the blurred nature of Year 3 as a transition point. A Year 3 class may be situated in either the junior or the middle syndicate. For instance a composite Year 2/3 class would probably be in the junior syndicate, a composite Year 3 and 4 class in the middle syndicate, and a straight Year 3 could be in either syndicate. Other combinations are possible. This positioning, arising from the demographic trends in that community at that time, may give rise to different expectations of the classroom programme, the style of teaching and learning and the performance of the children. Furthermore school policies on promotion vary between those that incorporate considerations of "social maturity" and those that adhere to a strict birth date. 

The support for teachers through resource material and the curriculum statement appears to be another factor shaping classroom practice at this level. Mathematics in the New Zealand Curriculum (Ministry of Education, 1992b) addresses mathematical ideas such as place value in broad statements expressing the achievement objectives. The number strand is divided into two substrands of "exploring number" and "exploring computation and estimation". The contextual factors impacting on mathematics at this level may lead teachers to a greater emphasis on the second substrand of "exploring computation and estimation". The Beginning School Mathematics resource, Cycles 9 to 12 (Ministry of Education, 1992a, 1993) appears to have an uneven emphasis on the various aspects of the constructs of place value as defined by Jones et al. (1996). The ways in which teachers interpret and use such a resource will also be influenced by contextual factors impacting on their practice. For example a teacher may interpret the development of place value ideas in Cycles 9 to 12 as a progression through two and three digit algorithms, firstly without renaming and then with renaming, firstly with equipment such as place value blocks and then without. 

Questions arise from this data around the extent to which teachers’ understanding of place value is defined through the teaching of the working form of the operations and particularly the notion of renaming. It appears that this teaching and learning is an important marker of moving into middle school mathematics. A second question is about why the teachers’ responses tended towards the lower levels of the frameworks of multidigit number understanding. All but one of the teachers made reference to every aspect of whole number place value ideas. What is in doubt is the extent to which they can explain these aspects as part of a framework and how such a framework might be useful for informing teachers’ pedagogical decisions. Frameworks based on recent research on the development of multidigit number concepts may be helpful in supporting teachers in developing and implementing classroom programmes which reflect more advanced levels of thinking about multidigit numbers. In adopting such an approach a consideration of the contextual factors of New Zealand classrooms and the Year 3 level in particular need to be incorporated. Nevertheless it appears clear that a teacher development programme which focused on multidigit numbers concepts would be very useful for teachers and would be likely to promote better achievement for their students.
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Appendix 

REFERENCES TO KEY CONSTRUCTS CENTRAL TO THE DEVELOPMENT OF MULTIDIGIT NUMBER SENSE

	Construct:

Counting
	P
	L
	A
	C
	E
	V
	A
	L
	U
	E

	Level 1: 

Pre-place value

Count and count on by ones

Count informally by tens (and twos, threes and fours)
	  
	  

 
	  

 
	 

 
	  

 
	  

 

 
	  
	 
	  
	  

	Level 2: 

Initial place value

Count groups of ten as though they were single items

Forming and counting groups of tens and extras

Count on by tens and ones
	 
	 
	 
	 
	
	 
	 
	 
	
	 

	Level 3: 

Developing place value

Count, count on, or count back by tens to add / subtract mentally
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 

	Level 4: 

Extended place value 

Count, count on by 100s and 10s to add mentally
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 

	Level 5: 

Essential place value

Count on or back by 100s, tens, and ones to add/subtract mentally
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 


Key

P Peter School V von Mises School

L Lovelace School A d’Ambrosio School

A Agnesi School L Lehr School

C Clark School U Upitis School

E Ellis School E Equals School

 Interview  Classroom Observations

Reference: Jones, Thornton, Putt, Hill, Mogill, Rich and van Zoest (1996) Multidigit number sense framework.

 

 

 

 

 

	Construct:

Number relationships
	P
	L
	A
	C
	E
	V
	A
	L
	U
	E

	Level 1: 

Pre-place value

Determine numbers more / less than 5 or 10: a "lot more / less", numbers "in between" 0-10
	 
	 
	  
	 
	 
	 
	  
	 
	 
	 

	Level 2: 

Initial place value

Order multidigit numbers within and across decades
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 

	Level 3: 

Developing place value

Order multidigit numbers (especially those < 100 formed by interchanging digits)
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 

	Level 4: 

Extended place value

Order multidigit numbers (including those up to 1000 formed by interchanging digits)
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 

	Level 5: 

Essential place value

Order multidigit numbers up to 1000 (especially determining which of two numbers is closer to a third)
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 


 

 

 

Reference: Jones, Thornton, Putt, Hill, Mogill, Rich and van Zoest (1996) Multidigit number sense framework.

 

	Construct:

Grouping
	P
	L
	A
	C
	E
	V
	A
	L
	U
	E

	Level 1: 

Pre-place value

Estimate the numbers of objects in a group using 5 and 10 as benchmarks

Count by fives and tens

Group to make it quick and easy to check
	 
	  
	 
	
	  
	 
	  
	  
	 
	  

	Level 2: 

Initial place value

Estimate the number of objects in a group using an appropriate unit (eg 10)

Count to check

Group to make it quick and easy to check
	
	 
	 
	 
	
	
	
	
	
	

	Level 3: 

Developing place value

Determine whether the sum of two 2-digit numbers is in the (30s)
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 

	Level 4 

Developing place value

Determine whether the sum of two 3-digit numbers is more or less than (250)

Given 31 tens and 12 ones, determine the number of units without reference to materials
	 
	
	
	
	
	
	
	
	
	

	Level 5: 

Essential place value

Determine whether the sum / difference of two 2/3-digit numbers is more or less than (350)

Given 2 hundreds, 23 tens and 9 ones determine the number of units without using materials
	
	
	
	
	
	
	
	
	
	


Reference: Jones, Thornton, Putt, Hill, Mogill, Rich and van Zoest (1996) Multidigit number sense framework.

 

 

 

	Construct:

Partitioning 
	P
	L
	A
	C
	E
	V
	A
	L
	U
	E

	Level 1: 

Pre-place value

Make different ways: 5; 8; 10
	 
	  
	 
	 
	 
	  
	 
	  
	 
	 

	Level 2: 

Initial place value 

Make multidigit numbers different ways (especially tens / ones)

Also 100 in decades
	 
	 
	  
	  
	  
	  
	  
	  
	 
	  

	Level 3: 

Developing place value

Make multidigit numbers different ways (most < 100)

Find the missing part of a number (most < 100)
	
	
	  
	 
	 
	 
	 
	 
	
	 

	Level 4: 

Extended place value

Make multidigit numbers different ways (many up to 1000)

Find the missing part of a number (many up to 1000)
	
	
	
	
	
	
	
	
	
	

	Level 5: 

Essential place value

Make multidigit numbers (some beyond 1000) different ways
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 


 

 

 

Reference: Jones, Thornton, Putt, Hill, Mogill, Rich and van Zoest (1996) Multidigit number sense framework.

 

