Elliptic Integrals

Mathematical Physics

Elliptic Integrals

Integrals can be solved in two ways

Analytically
(In terms of elementary and
complicated functions)
{Standard Integrals}

d
eg. | ——

polynomial)

Integrals can be expressed
explicitly in  terms  of
elementary functions( sinx,
cosx, logx,...).

When Q is a polynomial of
degree 2 or less the integral
can be defined as:

e.g.

. 1 X
=SINn " —+¢C

I dx
Ja? —x? a

for | x/< a

Numerically
(By approximation
methods)
{Non-standard integrals}

——— (P may be alinear function of x while Q is
PyQ

Integrals can be expressed
in terms of more complicated
functions like elliptic
function and T function.
When Q is a polynomial of x
of degree 3 or 4,this integral
iIs said to be of elliptic type,
e.g.

1 dx

iJ(l— x2)(2 - x2)
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Forms of Elliptic Integrals

Legendre forms Jacobi forms
1. First kind of elliptic . .
integrals: _Flr_st_klnd of
p elliptic integrals:
dg

F(k,¢)=

dx

g\/l—kzsin2 ¢

Fog)=|
(7 g\/(l—xz)(l—kzxz)

2. Second kind of elliptic

integrals: 2. Second kind of
¢ elliptic integrals:
E(k,#) = [y1-k2sin? gdg e
0 Ek,¢) = >—dX
oV 1-x

Where k is called the modulus and ¢is called the
amplitude.

k= sin 6 where OSQS% and 0<¢<2r.

Also x=sin ¢in Jacobi forms.

Basic definitions and properties of Legendre elliptic integrals:

Definition:

T

2
Length of the ellipse =4a | J1-e2cos? ¢dg,
0

Where x=acos gand y=b sin gand 0<¢<2r.
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Here e is called the \
eccentricity of ellipse, which
can be renamed as k. Thus ® (c,0)
[ A2 2 a
e:E:a—b, where a and \
a a

b are the semimajor and

semiminor axes, respectively, b
while c is the focus distance
on y-axis, as shown in the
figure. (Here a> b).
e (-0

2 2

The equation of ellipse, here, is ;—2+y—:1

a

Example: Find the arc length of an ellipse. This is the problem
that gave elliptic integrals their name.
[Hint: take the case a > b where x=a sin gand y=b

COS ¢|.
X2 y2
The equation of ellipse, here, is — + =1
a? b?
_\
ﬁ (c.0) \
® ®
\ ('C, O) a /
S
Solution:

a

The length of an arc of ellipse is Idsfrom b
b

= a.
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sur 0 = /(dX)2 + (dy)?

ds =+/(acosg)? + (bsin ¢)2dg

Forx=0andy=b = ¢=0
For x=aand y=0 — ¢= n/2.
Thus the limit from b— ais ¢=0—= n/2.

T

ds = jz\/az(l—sin2¢)+bzsin2¢d¢
0

T —Q

a % a2_b2 L

[ds=a [ |[1-———sin® gdg

b 0 a
c +a?-b?

As mentioned above e=—=——— for a> b. Also e can be
a a

renamed as k.

a %
jds=aj2\/1—kzsin2 $dg
b 0

Thus length of arc of ellipse =aE(k,%).
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Properties of elliptic integrals:(Legendre forms)

A 0=n/4
Fk, 8) 0=r/2 /
0=0
| | >
/4 n/2 ¢
Ek, ¢)
0=0
0=r/4
0=mn/2
| | >
/4 /2 i

Note: The values of the functions F(k, ¢) and E(k, ¢) are
tabulated for large numbers of k and ¢.



