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Beta functions

Definitions:

1
B(p,q) = [x**(L-x)""dX 0 gs0.
0

B(p.q) = B(a, p)

Proof: Putx =1-yin (i) and proceed.

1 ¢ _
B(p,0) = s [ Y™ (@-y) 'y
0

y
Proof: Put X = 5 in (i) and proceed.

T

2
B(p,q) = 2_[(sin 0)***(cos@)**dg
0

-2
Proof: Put X=SIN“" @ in (i) and proceed.
p-1

B(p.q) = T( ey

_ Y
Proof: Put X = 1+y and proceed.

The relation between the Beta and Gamma functions:

C'(p)I'(q)
I'(p+q)

B(p.q) =
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Proof: Put t = y*for I' (p) and t = x* for I'(q) and take
the product of both functions.[Hint: make the
change of variables to polar coordinate].

Example: Find the integral 1+ X)

p-1

oty
Solution: This is like B(P8) = I p+q

Here you need to get the values of P and g and then

I'(p)'(q)
use the relation B(p.q) = T'(p+q to find the final

answer.

Physical Applications:

( )

The equation of motion of simple pendulum can be
developed using the Lagrangian techniques. However
the Lagrangian L is defined by

L=T-V.
Where T and V are the f

kinetic and the potential

energies of the mass m,

respectively.
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T=1mv :lm(éé?)2
2 2 !

where V=Y =10
The potential energy of the mass m when it is at an
angle @

V =-—-mg/coso

From the above three equations we get:
1 °
s L= Em(w)2 +mg¢cosd
From the general Lagrangian equations of motion

d oL, oL
(75570
00

and by using the last obtained Lagrangian we get:

d » %,
—(m¢ @) ——(magrcos@) =0
dt( ) ae( g )

me? 6+ mg/sind =0

6? = —gsinH
14

Now we are seeking a
solution to this DE.
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Case (i) : (Approximate Solution)

For small oscillations (i.e @is small)

sin@ =~ @
9=-99
14

The solution to this DE is either @ =SINak or
€ = CcoS ait

By considering the first solution and taking its second

derivative @ =—w“0 and substituting this into the
last DE we get:

—0’0=—-29 af—%.

_272
But a)—?

!
Thus T= 2”\/§ is the approximate period when @ is

small.
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Case (ii): (Exact solution)(for any @)

. g .
|wmmwbmhgmxofmeDE9‘"fg“”€byeto
get:
990 __Y9inpdl

dt /¢ dt

Gdez—%ﬂnmﬁ
Integrate both sides to obtain:

07 g
2

= ZCOSQJFC’ where C is constant.

7T

C:OHQZE

©6)° g
2

= =C0Sd
/

1
a9 = 29 (cosf)?
at | ¢
1
(cos®) 2d@ — ‘/27gdt

r

0=0=0=2
2

T - i :
t=0=t= n , for one-quarter, we will have:
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i 1 Vi
j(cose)‘Zde = \/?j‘dt

77 -
T=4 —I(cos@) 2do
29 %

T

2
_ - 2p-1 2gq-1

Recalling that B(p.a) —ZI(SIHH) (cosg)™"do and

0
Comparing with the integral in the last form of T, we
should have
2p-1=0=p=*%and 29 -1 =- %2 = q= Ya.
Thus we need to evaluate B (Y2, ¥4)

1.1
L TGO
4 3

F(4)

1
B )
(2

1.1

- :ZJZF(Z)F(A)
Vg
4

(This last answer represents an exact form for T).



