_ Special Functions Mathematical Physics

Special Functions

**The Factorial and Gamma Functions***
The Factorial Function:
j x"e”*dx = n!
0
n(=1,2,3,...... etc.) is a positive integer.

Example: For n=0

Te‘xdx =1=0!
0

X j— :I
For n=1 _!xe dx =1=1

The Gamma Function:
Two definitions will be considered here.
Definition of Gamma functions as integral form.

The Gamma function can be defined in an integral
form if we can answer the following question:
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Can we define the factorial function for non-integer n?

Answer: Yes, but once we have done that the function
will be called Gamma function.

Now the non-integer "p" can replace the integer "n"
and the Gamma function is defined as:

. p—1.—X
F(p)__([x e "dx for p>0

(Here, the integral converges for p>0)

Notes:
The integral diverges for p<0 and

I'(p) can not be defined.

For OCPCL, xP* will go to infinity as
the lower limit x—0.

The relation between the factorial and Gamma
functions:

Take [(P)=[x""e dx
0
Put p =nto get
r'(n) = j X" e *dx = (n—1)!
0

Also put p=n+1to get

'(n+1) = J'x”e‘xdx =nl
0
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(T°(1) = O!
re=1u
Examples: < '3 =2
re4) =3

B. Another definition of Gamma function

I'(p) can be defined as infinite limit and as follows:

ImP
I'(p) = £im il

m—o p(p+D(p +2)......... (p+m)
[This limit exists when p is a positive integer or zero
l.e.

m»? 1
S =
r(p) |

I'(p) = o if (0

Now this definition of Gamma function can be tested
and compared with the previous definition of Gamma
function. For example,

. m
Putp =1 @ = g'_[‘; m+1 :1.(Now you can try p= 2).

[Note: A table for the values of Gamma function for p
between 1 and 2 is available].

What about other positive values of p other than 1 and
27

Answer: The Gamma functions of such values can be
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found by a recursion relation.

Recursion relation for the Gamma function:

['(p+1) = pr(p)

[Prove this recursion relation using the two given
definitions of Gamma function. The proof will be left to
the student as an exercise]

What about the negative values of p ?

The Gamma function of negative numbers:

The Gamma function for negative values of p can be
found using the recursion relation as follows:

I'(p+1
I'(p) = I(p+D
Examples:
I'(0.5
For p =-0.5-1(-05) = %
Forp=-1.5 r(-05  I(0.5)

FELS)= ~15  (~1.5)(-0.5)

Note: Here you can try values of negative integer and
zero for p to get I'(p) —> oo,
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Figure 1.1: Gamma function for different positive and
negative values of p.

T(p)

Conclusions:

i) I'(p) is a continuous function for all p>0

i) I'(p) is a discontinuous function for negative p.

iii) I'(p) is continuous at intervals between negative
integers of p, and the values of I'(p) alternates
from positive to negative at different intervals.
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Some important formulas involving Gamma functions:

1
@1 G)=v7
T

sin 7zp

Note: You can prove the formulain (a), while the other
formulain (b) will be proved later in the chapter
of complex variables.

Bonus Exercise:

Try to prove the formula in (b). [Hint: Use the identity
2

N = P
sSinp = pH(l_mz—ﬂz) which is consistent with the
m=1

fact that sin p has zeros at p=0 and p=+mux.

Suggested problems:

(Chapter 11) :

section 3 (3, 4, 5, 13, 17) {Hint: take I'(1.7)=0.9086}
section 5 (1, 2)

section 7 (1, 2, 5, 8)

section 9 (1, 2, 3)



