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General Curvilinear Coordinates  
 
Put 321 ,, xxx  as the set of variables or coordinates, and 

321 ,, hhh  as the cooresponding scale factors. 

Here,  
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In rectangular coordinates: 

xx =1              yx =2         zx =3       (2) 
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In general, the vector displacement sd
r

 can be written as: 
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Also, the volume element: 

321321 dxdxdxhhhdV =  ,     (5) 

in an orthogonal system. 

e.g. In rectangular coordinate system ⇒  dxdydzdV = . 

            In cylindrical coordinate system  ⇒   dzrdrddV θ= . 

 

If the coordinate system is not orthogonal: 
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or ,  
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Or, alternatively, in a matrix form:    
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If the system is orthogonal then, 
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(Here ijg  represents a diagonal matrix ) 
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0322331132112 ====== gggggg  (for an orthogonal coordinate system 

only). 

 

Vector operations in orthogonal curvilinear coordinates  

The gradient is defined as ∇
r

u: 

 

In rectangular coordinate systems: 
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In cylindrical coordinates: 
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(If r changes while θ and z are kept constants⇒  drds = , and the r 

component of 
ds
duu ⇒∇

r
 ; where drds = , that is 

r
u
∂
∂ ). 

(Also if  θ  changes when r and z are kept fixed, then the component of  

ds
duu ⇒∇

r
 where θrdds =

θ∂
∂

⇒
u

r
1 ). 

In general orthogonal coordinats 321 ,, xxx , the component of u∇
r

in the 

1x  direction is 
ds
du  if 11dxhds =  ; that is the component of  u∇
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Divergence: V•∇  

The general relation for the divergence of a vector V is 
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The proof  of  equation 14 is as follows: 

      Let us define the vector 

 332211 VeVeVeV ))) ++=  ,               (15)   

in an orthogonal system .           

Rewrite equation 15 as   
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Take the divergence of both sides of equation 16 to get, 
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The 1st term on the right-hand-side of  equation 17 will give:  

 =⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
•∇

32

1
131 hh

e
Vhh

)r
( ) ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
•∇+∇•

32

1
132132

32

1

hh
e

VhhVhh
hh

e )rr)
                                  

  

                      

( )

.1

1

132

132

3

132

3

3

2

132

2

2

1

132

1

1

32

1

132
32

1

x
Vhh

hhh

x
Vhh

h
e

x
Vhh

h
e

x
Vhh

h
e

hh
e

Vhh
hh

e

∂
∂

=

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂

∂
+

∂
∂

+
∂

∂
•=

∇•=

))))

r)

     (19) 
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      Where the following relations are substituted into equations 19 and 

17: 
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Such relations can be proved as follows: 

Use equation 13 and put 1xu =  to get  
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Similarly, put 2xu =  in same equation to get   
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  Q   321 eee ))) =×       for orthogonal system (as shown in the figure), 
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Thus, the divegence of equation 28 gives 
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From equations 28 and 29 we get                                          
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The other divergence relations, in equation 23, can be proved in the same 

way. 
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In cylindrical coordinates: 

Use equation 14 and the following equation (31) 

 
rx

h
=
=

1

1 1 ,              
θ=

=

2

2

x
rh   ,        

zx
h

=
=

3

3 1 ,             (31) 

to get:              

=•∇ V
r ( ) ( )⎥⎦

⎤
⎢⎣
⎡

∂
∂

+
∂
∂

+
∂
∂

zr rV
z

VrV
rr θθ

1
,            (32) 

Or ⇒ ( )
z

VV
r

rV
rr

V z
r ∂

∂
+

∂
∂

+
∂
∂

=•∇
θ
θ11r

.                       (33) 

Laplacian: ( )u2∇   

The general relation is: 
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In cylindrical coorinates: 

Substitute equation 31 into 34 to get, 
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The curl ( V×∇
r

): 

The general relation for the curl of a vector V is 
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Expanding the determinent in equation 37 will give 
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In cylindrical coordinates: 

From equations 31 and 37 we get  
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Spherical Polar Coordinates: 

From equation 9, we can easily show that ds2 can be written as 
2222 dzdydxds ++=                (40) 

However,  in spherical polar coordinates, ds2 can be shown to be  
2222222 sin φθθ drdrdrds ++=               (41) 

Proof: 

We know 

θsinrx = φcos , θsinry = φsin , θcosrz = .            (42) 

Take the derivative of first relation in equation 42, to get 
θsinrdx −=  φsin  θφφ cos(cos rd +  θθ sin+d  )dr    

θsin=dx  φcos  θcosrdr +  φcos  θd θsinr−  φsin  φd            (43) 
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Squaring equation 43 gives 

θ(sin2 =dx  φcos  θcosrdr +  φcos  θθ 222 sin) rd +  φ2sin  2φd  

θsin2r−  φsin φd  ( )θφθφθ drdr coscoscossin +  

222222222222 sinsincoscoscossin φφθθφθφθ drdrdrdx ++=  

θsin2r+  φθ 2coscos  θd φφθ cossinsin2 22rdr −  φdrd  

φφθθ cossincossin2 2r−  θd φd              (44) 

Similarly, we get 
φθ cossinrdy =  θφφ cos(sin rd + θθ sin+d )dr  

φθ cossinrdy =  φθφ sincosrd + θφθ sinsin+d dr ,           (45) 

and, 

φθφφθ sincos(cossin 22222 rdrdy += θφθ sinsin+d 2)dr  

φθ cossin2r+ φθφ sincos(rd θφθ sinsin+d )dr  

222222222222 sinsinsincoscossin drdrdrdy θφθφθφφθ ++=  

θsin2r+ φθ 2sincos θd φφθθ cossincossin2 2rdr + φd θd  

            φφθ cossinsin2 2r+ dr φd .               (46) 

Also, 

θsinrdz −= θθ cos+d dr ,               (47) 

and, 
2dz θθθθθ cossin2cossin 22222 rdrdr −+= θdrd             (48) 

Using equation 4 and 46 to get 

)cos(sincos)cos(sinsin 22222222222 φφθθφφθ +++=+ drdrdydx  

                 θφφφθ sin2)cos(sinsin 22222 rdr +++ θcos θd dr           (49) 

From equation 48 and 49, we have 
2222222 sin φθθ drdrdrds ++= . (Q.E.D)             (50) 

The vector ds in spherical polar coordinates can be writtn as 

θθ φθ sinrerdedreds r
))) ++= φd               (51) 
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This equation (51) is obtained when the following scale factors are 

substiuted into equation 4. 

The scale factors: 
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Also the volume element dV can be easily obtained from equations 5 and 

52, namely, 

θsin2rdV = dr θd φd                         (53) 
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Using equations 42 and 55 we get  
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 φφφ cossin jie
))) +−= .              (59) 

 

Vector Operations in Spherical Coordinates: 
 

In spherical polar coordinates, we have 
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From equation s 13 and 60 we may have 
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Also from 14 and 60 we get  
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Using equations 34 and 60 gives us 
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Equation 37 and 60 may result in 
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