Mathematical Physics Course General Curvilinear Coordinates

General Curvilinear Coordinates

Put x,,x,,x, as the set of variables or coordinates, and
h,,h,,h, as the cooresponding scale factors.

Here,
3
ds? = hldx? +hjdx; + hidx; = > hZdx}
i=1

In rectangular coordinates:

In cylindrical coordinates:

X].:r Xzze X3=
h =1 h,=r  h =1

In general, the vector displacement ds can be written as:

- 3
ds = e hydx, + &,h,dx, + &hydx, = > &h;dx,

i=1
Also, the volume element:
dv. = h,h,h,dx jdx ,dx ; ,

in an orthogonal system.

e.g. In rectangular coordinate system = dV = dxdydz

In cylindrical coordinate system = dV = rdrd 6dz .

If the coordinate system is not orthogonal:

d32 — glldxlz + glzdxldXZ + g13dxldx3
+ 0 dX,dx, + gzde§ + g ,30%, X,

+ g5, 0X;0X, + g5, dX,dx, + gsst32

(1)

(2)

(3)

(4)

()

(6)
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or,

3 3
d32=ZZgijdxidxj @

Or, alternatively, in a matrix form:

Ou Y12 O Xm
ds® = (dxl dxz dX3 ) 01 0O 0Oy dXz (8)
99 Op Y dx,

If the system is orthogonal then,
ds® = g,,0X; + g, dX] + GaylX; 9)
(Hereg; represents a diagonal matrix )

9y =h!
The scale factors  g,, = h? (10)

O35 = h32
01,=9,1=03=03,=0,3=05,=0 (for an orthogonal coordinate system

only).

Vector operations in orthogonal curvilinear coordinates

The gradient is defined as v u:

In rectangular coordinate systems:

@u:fa—u+]a—u+lza—u (11)

OX oy 0z
In cylindrical coordinates:
ou 1 ou ou

ﬁu:érW+ég——+é — (12)
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(If r changes while 6 and z are kept constants= ds=dr, and the r

component of Vu= 3—2 ; where ds =dr, that is g—l:).

(Also if @ changes when r and z are kept fixed, then the component of

Fu= 3 where ds = rde :Ea—u)

ds r oo

In general orthogonal coordinats x,, x,, x, , the component of vu in the

x, direction is au if ds=nhdx ; that is the component of Vuin the

ds
direction of ¢, is i[a—“].
1 aXl
— 3 a
Vu:élia_u+é\2i6_u+§3ia_u:ze_'a_u_ (13)
h, ox, h, ox, h, ox, 4='h, ox,

Divergence: VeV
The general relation for the divergence of a vector V is

1 a(hZhSVZL) + a(h1h3v2)+ a(hthV3)

(14)
h,h,h, 0%, 0X, 0%,y

6.\7:

The proof of equation 14 is as follows:

Let us define the vector

—

V=6V, +6V, +8V,, (15)

in an orthogonal system .

Rewrite equation 15 as

— e e e
V= _:,](hz h3V1 )"’ ﬁ(hms\/z )+ ﬁ(hmz\/s ) (16)

h23 173 172

Take the divergence of both sides of equation 16 to get,

VeV=Ve (e—lj(h2h3vl)+ v -(he; j(h1h3V2)+ Ve (%}(hlhzvs). (17)

h2h3 173 172

- @
Put g=h,hv, forv= n ;]

273

and apply the identity

Velpv)=ve(Vg)gvev (18)
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The 1° term on the right-hand-side of equation 17 will give:

- e e
VelhhV,— |=-2
.( s hzhsj h,h;

o V(h,hV, )+ h,hV,V e ( he;] J

2°73

(19)

:Q_.E%MM+§&WM+§3WM
h,h, (h X h, 00X, h, 0x,

1 ahhy,
hhh —ox

Similarly,

a(hlh3v2 )
0oX,

Ve (hlhsv2 (20)

e, ) 1
hl h3 hl h3 hZ
Also

6. h1h2V3 e3 — 1 a(hlhzva‘)’
hh, ) hhh,  ox

(21)

VeV =

1 {a(hzhgvl) a(hhyv,) a(hh,v;) (22)

+ +
hhh, | ox ox,4

& } (QED)

Where the following relations are substituted into equations 19 and
17:

(23)

Ve & =0
h,h,

Such relations can be proved as follows:

Use equation 13 and put u = x, to get
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e xe,

Take Vx, xVx, =
hth

e, x€, =¢, for orthogonal system (as shown in the figure),

- - e
VXl XVXZ = ﬁ .

172

Thus, the divegence of equation 28 gives

v

From equations 28 and 29 we get

=0. (QED)

(24)

(25)

(26)

(27)

(28)

(29)

(30)

The other divergence relations, in equation 23, can be proved in the same

way.
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In cylindrical coordinates:
Use equation 14 and the following equation (31)
h =1 h,=r h, =1

X =r X, =6 ' X, =2 (31)
to get:
1| 0 0 0
oo (V) + -2V, + = (rV,
Vv‘r[ar( J+=5Vo +— )] (32)
- — 10 10V oV
VeV ==—(rV, )+ ——2+
Or=v* rar( ) r o0 oz (33)

Laplacian: (VZU)

The general relation is:
V2 - 1 | @ (hhy ou N 0 (hh, éu N 0 (hh, ou _ (34)
hh,hy | ox, \ hy ox, ) ox,{ h, 0x, ) 0OX;\ hy 0Ox,

In cylindrical coorinates:

Substitute equation 31 into 34 to get,

vt g(ra_uji(za_u}g(ra_uj | (35)
rior\_ or 00\ro8) oz\ oz
or,
2 2
Viu :li(ra—uj+%a L: +8_2 (36)
ror\ or r- o6 0z

The curl (VxV):

The general relation for the curl of a vector V is
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X\ =
h,h,h, |0x, o0X, 0X,
hlvl h2V2 h3V3

Expanding the determinent in equation 37 will give

“h, h o, 8x3 “hh, h o, hh,

In cylindrical coordinates:

From equations 31 and 37 we get

e re, e
Guv_Lto o o
rior 06 o0z
vV, v, V,
or,
VxV =6 1V, N, +€, V. _V, Le ﬁ(rve)—avf}.
rog oz o o ) r \or 00

Spherical Polar Coordinates:

From equation 9, we can easily show that ds” can be written as
ds? =dx* +dy® +dz°

However, in spherical polar coordinates, ds® can be shown to be
ds? =dr? +r?d@” +r’sin® &g’

Proof:

We know
X=rsin@d cos¢g, y=rsin@dsing, z=rcosé.

Take the derivative of first relation in equation 42, to get

dx=-rsin@ sing d¢+cosg(rcosd d@+sind dr)

dx=sind cos¢ dr+rcoséd cos¢g dO —rsind sing dg¢

(37)

(38)

(39)

(40)

(41)

(42)

(43)
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Squaring equation 43 gives

dx® = (sin@ cos¢g dr+rcosd cosg d@)’ +r’sin’@ sin’¢ dg’
—2rsin@ sing dg (sin@cosgdr +rcosécos¢dé)

dx? =sin@% cosg?dr?® +r? cos” @cos® gdB* + r? sin 8 sin® gd ¢
+2rsin@ cos@cos® ¢ d@ dr —2r?sin@*singcosg drdg

—2r%sin@cosdsingcosg dO dg (44)

Similarly, we get
dy =rsin@dcos¢g dg+sing(rcosd do+siné dr)

dy =rsinfdcosg dg+rcosdsing dd +singsing dr, (45)
and,
dy® =r?sin® @cos® gdg* + (rcosésin g d@+singsin @ dr)?
+2rsin@cos¢ dg(rcosédsing d@ +singsing dr)
dy® =r?sin® @cos® gd¢” +r’ cos® @sin? gd@” +sin? gsin® Alr?
+2rsin@ cosdsin® ¢ dé dr + 2r?sin@cos@sin gcosg dg do
+2rsin” @singcosg dr dg . (46)
Also,
dz =-rsin@ df+cosé dr, (47)
and,
dz? =r?sin® @O* +cos® Ar? — 2rsinHcos drdé (48)

Using equation 4 and 46 to get
dx? +dy? =sin? @(sin® ¢ + cos’ g)dr® +r® cos® A H*(sin® ¢ + cos’ @)
+r2sin” &g’ (sin® ¢+ cos® g) + 2rsin@ cos& do dr (49)
From equation 48 and 49, we have
ds® =dr® +r?*d@” +r’sin* ad¢’. (Q.E.D) (50)
The vector ds in spherical polar coordinates can be writtn as

ds=&,dr +&,rdé+&,rsin@ dg (51)
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This equation (51) is obtained when the following scale factors are

substiuted into equation 4.
h, =1

The scale factors: h, =r (52)
h, =rsin@

Also the volume element dv can be easily obtained from equations 5 and
52, namely,
dV =r’sin@ dr d@ d¢ (53)

The relation between ¢, ,¢,, e, of spherical coordinats and

i,].k of Cartesian coordinates systems:

Starting with

ds =idx+ jdy +Kkdz (54)
:f(%dr g—gd9+—¢d¢)+1(aydr+aéd6?+a;d¢) k(—dr —de) (55)

Using equations 42 and 55 we get
ds=1i(sind cos¢ dr +rcosédcos¢g dd —rsingsing dg)
+ j(sin@sing dr +rcos@sing dé +rsin@cos¢ dg)
+k(cos@ dr—rsing do)
ds = (i sin@cos¢ + jsin@sing +k cosd) dr
+ (i cos@cos¢g+ jcosdsing— jsinO)rde
+(~ising+ jcosg+0k)rsiné dg (56)
Thus we have
.8 =isindcosg+ jsindsing+k cosd (57)
&, =i cosHcosg+ j cosdsing—ksing (58)

9
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e, =—ising+ jcosg. (59)
Vector Operations in Spherical Coordinates:
In spherical polar coordinates, we have
g =6 €, =¢, e, =6,
h, =1 h,=r h, =rsing (60)
Xl =r X2 = 9 XS = ¢
From equation s 13 and 60 we may have
= _ou _ lou _ 1 ou
Vu=e —+6,——+€, ———— (61)
or roe rsin @ o¢

Also from 14 and 60 we get

VeV = rzs?n 5 [S—r(rzsin oV, )+ —(r sin OV )+—(rv )} (62)

Using equations 34 and 60 gives us

VZu:rzsline{aar( sin 492:) Gaﬁ(rsings_l;}r%(r;”@g—;ﬂ' (63)

Equation 37 and 60 may result in

6 [0 )2 o)+ )2
o AR ] B PO VARE A

3
e, [0 )
o e lh,)- ()

VxV =

Lo & [o o e, [0, 0.
VxV = {ae(rsm&\/) 8¢(rvg)}+rsin6[8¢vr ar(rsmé‘\/q,)}

r?sing .(64)

e, o 0
202 (v, )=V |,
" [ar(r ’) 06 }
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