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2.5

DIFFERENTIAL EQUATIONS OF MOTION OF A
DEFORMABLE BODY

In previous sections, we determined the stress components needed to specify the
state of stress at a point 0 in a deformed body for a given set of orthogonal coordi-
nate axes (x,y,z). We derived transformation equations that define the state of
stress at point 0 for any other set of orthogonal axes (X, Y, Z) rotated with respect
to (x, y,z). We derived relations that give at point 0 the principal stresses and their
directions, the maximum shear stress, the octahedral normal and shear stresses,
and the hydrostatic and deviatoric states of stress.

In this section, we derive differential equations of motion of a deformable solid
body (differential equations of equilibrium if the deformed body has zero accelera-
tion). These equations are needed when the theory of elasticity is used to derive
load-stress and load-deflection relations for a member. We consider a general de-
formed body and choose a differential volume element at point 0 in the body as
indicated in Fig. 2.14. The form of the differential equations of motion depends on
the type oforthogonal coordinate axes employed. We choose rectangular coordi-
nate axes (x, y,z) whose directions are parallel to the edges of the volume element.
In this book, we restrict our consideration mainly to small displacements and, there-
fore, do not distinguish between coordinate axes in the deformed state and in the
undeformed state (Boresi and Chong, 1987). Six cutting planes bound the volume
element shown as a free-body diagram in Fig. 2.15. In general, the state of stress
changes with the location of point 0. In particular, the stress components under-
go changes from one face of the volume element to another face. Body forces
(B, B,, B,) are included in the free-body diagram.

To write the differential equations of motion, each stress component must be
multiplied by the area on which it acts and each body force must be multiplied by
the volume of the element since (B,,B,, B,) have dimensions of force per unit
volume. The equations of motion for the volume element in Fig. 2.15 are then
obtained by summation of these forces and summation of moments. In Sec. 2.3 we

Figure 2.14 General deformed body.
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Figure 2.15 Stress components showing changes from face to face along with body force per
unit volume including inertial forces.

have already used summation of moments to obtain the stress symmetry condi-
tions [ Egs. (2.4)]. Summation of forces in the x direction gives*

do,, Oc,, 00,
ax T oy *t % + B =0

where o,,, 0,, = 0,,, and g,, = 0g,, are stress components in the x direction and B,
is the body force per unit volume in the x direction including inertial (acceleration)
forces. Summation of forces in the y and z directions yields similar results. The
three equations of motion are thus

oo, 0o, 00, _
i + 3 + Fe +B.,=0

- a 0 0
&_’_jﬂ_*_&_[_By:()

O0x dy 0z
oo,  Oo,, 0a,, _
i + oy + pe +B,=0 (2.45)

We use Eqs. (2.45) in the treatment of torsion of noncircular sections (Chapter 6).

As noted earlier, the form of the differential equations of motion depends on the
coordinate axes; Eqgs. (2.45) were derived for rectangular coordinate axes. In this
book we need differential equations of motion in terms of cylindrical coordinates
and plane polar coordinates. These are not derived here; instead, we present the

* Note o,, on the left face of the element goes to o,, + do,, = 0., + (90,,/0x)dx on the right face of
the element, with similar changes for the other stress components (Fig. 2.15).
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most general form from the literature (Boresi and Chong, 1987, pp. 218-222) and

show how the general form can be reduced to desired forms. The equations of

motion relative to orthogonal curvilinear coordinates (x, y,z) (see Fig. 2.16), are
UPyoss) | 0090y) 0(apo,) o

ox 3y gy

o aﬁ _ﬁ 'zzgy +dﬁ'YB =0

+ Bo‘zxa — ’yo-yya

5(/33)0;@) d(yao,y) 5(06l3f7zy) B
ox 3y z 0wy,

B dy o
+ yo—xya (xo—zz'é' - yoxx_y + aﬂyBy =0

d(Byox.) 5(7)0%2) +5(06136n)
0x Jy 0z

dy
+ﬂ xza

8 da P
n aana—z) — Bz — a0y aﬂ +aByB, =0 (2.46)

where (a, 8,7) are metric coefficients that are functions of the coordinates (x, y, z).
They are defined by

ds® = 02 dx? + p2dy? + y?dz? (2.47)

where ds is the differential arc length representing the diagonal of a volume element
(Fig. 2.16) with edge lengths « dx, f dy, and y dz, and where (B,, B,, B;) are the com-
ponents of body force per unit volume including inertial forces. For rectangular
coordinates, « = f =y = 1 and Egs. (2.46) reduce to Egs. (2.45).

Specialization of Equations (2.46)

Commonly employed orthogonal curvilinear systems in three-dimensional prob-
lems are the cylindrical coordinate system (r, 8, z) and spherical coordinate system
(r,0,¢); in plane problems, the plane polar coordinate system (r,8) is frequently
used. We will now specialize Eqgs. (2.46) for these systems.

Figure 2.16 Orthogonal curvilinear coordinates.
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(a) Cylindrical Coordinate System (r,0,z). In Eqs. (246), we let x=r, y =6,
z = z. Then the differential length ds is defined by the relation

ds? =dr? + r?d0? + dz* (2.48)
A comparison of Eqs. (2.47) and (2.48) yields
a=1, p=r, y=1 (2.49)

Substituting Eq. (2.49) into Egs. (2.46), we obtain the differential equations of
motion

aO-rr 1 609r 60'2,. Oy — Ogo
or v ta T 7 TB=0

60',9 l (’Z‘ﬂ 50:0 + 20’,,0
or r 00 0z

aorz _1_ aa@z ao-zz
or r 00 0z

+B,=0

% +B,=0 (2.50)

where (0,,,04,0,;,0,4,0,,,0,) tepresent stress components defined relative to
cylindrical coordinates (r,8,z). We use Egs. (2.50) in Chapter 11 to derive load-
stress and load-deflection relations for thick-wall cylinders.

(b) Spherical Coordinate System (r, 0, ¢). InEgs.(2.46),weletx=r,y =0,z = ¢,
where r is the radial coordinate, 8 the colatitude, and ¢ the longitude. Since the
differential length ds is defined by

ds? =dr* +r*d6* + r?sin® 0 d¢*? 2.51)
comparison of Eqs. (2.47) and (2.51) yields
o=1, B=r, y =rsinf (2.52)

Substituting Eq. (2.52) into Eqgs. (2.46), we obtain the differential equations of
motion

0o, + 1 da,, 1 0oy,
or r 00 rsinf ¢

+ - (20,, — Ogg — gy + g cOt0) + B, =0
00, 1 0oy 1 6a¢9
o ' r 00  rsinf 0

00,4 1 00y, 1 86¢¢
or r 00 rsinf 0¢ ts (3

+ - [(aoo — 0yp)cotd + 30,01 + B, =0

G,y + 20p5c0t0) + B, =0 (2.53)

where (6,,, Ggg, G5 Gr95 v » G) are defined relative to spherical coordinates (r, 6, ¢).

(c) Plane Polar Coordinate System (r,0). In plane-stress problems relative to
(x,y) coordinates, o,, = 0,, = 6,, = 0, and the remaining stress components are
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functions of (x, y) only (Sec. 2.4). Letting x = r, y = 0,z = z in Egs. (2.50) and noting
that 6,, = 6,, = g,, = (0/0z) = 0, we obtain from Eq. (2.50)

do, 1 80, = 0, — 0gg
b _ r r B = 0
o r 00 r 5
00' 9 1 60'93 (o)
[ LB = 2.54
or r 00 +2 r +By=0 2:54)

2.6

DEFORMATION OF A DEFORMABLE BODY

In the first four sections of this chapter, we examined the six stress components that
define the state of stress at a point in a loaded member, derived the transformation
equations of stress, and derived expressions for the maximum principal stress,
maximum shear stress, and maximum octahedral shear stress at a point. These rela-
tions are of interest throughout most of the book. Differential equations of equi-
librium (differential equations of motion for members being accelerated) were
derived in Sec. 2.5. These are needed in chapters in which the theory of elasticity
is used to derive load-stress and load-deflection relations. Additionally, differential
equations of compatibility, needed in the theory of elasticity, are derived in
Sec. 2.8; the derivation employs small displacement approximations and the asso-
ciated strain-displacement relations. Although small displacements are considered
in most applications of this book, more general finite strain-displacement relations
are derived in this chapter so that the reader may better understand the approxi-
mations that lead to the strain-displacement relations of small-displacement
theory.

In the derivation of strain-displacement relations for a member, we consider the
member first to be unloaded (undeformed and unstressed) and next to be loaded
(stressed and deformed). We let R represent the closed region occupied by the
undeformed member and R* the closed region occupied by the deformed member.
Asterisks are used to designate quantities associated with the deformed state of
members throughout the book.

Let (x, y, z) be rectangular coordinates (Fig. 2.17). A particle P is located at the
general coordinate point (x, y, z) in the undeformed body. Under a deformation, the
particle moves to a point (x*, y*, z*) in the deformed state defined by the equations

x* = x*¥(x,y,2)
V¥ =y*x.2)
z2* = z%(x,y,2) (2.55)

where the values of (x, y, z) are restricted to region R and (x*, y*, z*) are restricted
to region R*. Equations (2.55) define the final location of a particle P that lies at a
given point (x, y,z) in the undeformed member. It is assumed that the functions
(x*, y*,z*) are continuous and differentiable in the independent variables (x, y, z),
since a discontinuity of these functions would imply a rupture of the member.
Mathematically, this means that Eqgs. (2.55) may be solved for single-valued solu-

2.7
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Figure 2.17 Location of general point P in undeformed and deformed body.

tions of (x, y, 2); that is,

x = x(x*,y*,z%)
y=y(x*y*z%)
z = z(x*,y*,z%) (2.56)

Equations (2.56) define the initial location of a particle P that lies at point
(x*, y*, z*) in the deformed member. Functions (x, y, z) are continuous and differen-
tiable in the independent variables (x*, y*, z*).

When (x*, y*,z*) are used as independent variables [ Eq. (2.56)], the point of
view is that of the Eulerian or spatial coordinate method. When (x, y, z) are used as
independent variables, the point of view is that of the Lagrangian or material coor-
dinate method. It may be shown that for classical, small-displacement theories of
elasticity and plasticity, it is not necessary to distinguish between the variables
(x*, y*,z*) and (x, y, z). We employ material coordinates in this book.

STRAIN THEORY. TRANSFORMATION OF STRAIN.
PRINCIPAL STRAINS*

The theory of stress of a continuous medium rests solely on Newton’s laws. As
will be shown in this section, the theory of strain rests solely on geometric con-
cepts. Both the theories of stress and strain are, therefore, independent of material
behavior and, as such, are applicable to the study of all materials. Furthermore,
although the theories of stress and strain are based on different physical concepts,

* The theory presented in this article includes quadratic terms in the displacement components (u, v, w)
and in the engineering strain €;. One may discard all quadratic terms in u, v, w, and € and directly ob-
tain the theory of strain for small deformations. (See Sec. 2.8.)

[ TZAIR YoRSEK TEKNOLOY! ENSTITGSO _
RIKTCRLEGD
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mathematically, they are equivalent, as will become evident in the following
discussion.

Strain of a Line Element

When a body is deformed, the particle at point P:(x,y,z) passes to the point
P*:(x*, y*, z*) (Fig. 2.18). Also, the particle at point Q:(x + dx, y + dy, z + dz)
passes to the point Q*:(x* + dx*, y* + dy*, z* + dz*), and the infinitesimal line
element PQ = ds passes into the line element P*Q* = ds*. We define the engineer-
ing strain €z of the line element PQ = ds as

ds* —ds
€ = T (2.57)

Therefore, by the definition, €; > —1. Equation (2.57) is employed widely in
engineering.
By Eqgs. (2.55), we obtain the total differential

ot = g s Xy X (2.58)
0x oy 0z

with similar expressions for dy*, dz*. Noting that

x*=x+u
y¥=y+vo
¥=z4+w (2.59)

() 2 {u, v, w)
v
v

d
e

td
Q: (x +dx, y +dy,z +dz}

//
2 rd
P: (x,y,2)

z

Figure 2.18 Line segment PQ in undeformed and deformed body.
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where (u, v, w) denote the (x, y, z) components of the displacement of P to P*, and
also noting that

(ds)? = (dx)* + (dy)* + (dz)*
(ds*)? = (dx*)? + (dy*)? + (dz*)* (2.60)

we find' [retaining quadratic terms in derivatives of (u, v, w)]

M 1] [ds*\? 1.2 _ 2
il — 1 |=¢g + 3¢5 = e, + Ime,, + Ine,,

+ mle, + m%e,, + mne,, + nle,, + nme,, + n’,,
= I%¢,, + m%,, + n’e,, + 2me,, + 2lne,, + 2mne,, (2.61)

where M is called the magnification factor and

_au A (o, (00 (o]
S =5 2| \6x ox ox) |

oo A[(0n (@) (ow:
e””_éy 2| \oy ay ay

ow [ fou\?  [ov\* [ow\?]

27 - — 2.62

== % +2[(az> +<6z) +<5z)_ (262)

e _1(61} u Ouodu Ov dv 0w6w)

€

x "oy Toxdy Taxay Tox oy

Xy T Tyx 2

o Mfow o awdu oo do owow
Cee =€ T\ Gx "oz Ox 0z Ox 0z | Ox 0z
e —e 1<6w v ouodu Ovov 0w6w>

yz

=\ Tatyatnn Ty e
are the finite strain-displacement relations* and where

dx dy dz

=— =— = 2.63

. ! s> "Ta T 263)
are the direction cosines of line element ds.

We may interpret the quantities €,,, €,,, €., physically, by considering line

elements ds that lie parallel to the (x, y, z) axes, respectively. For example, let the

line element ds (Fig. 2.18) tie parallel to the x axis. Then /=1, m=n =0, and

' Alihough one may compute €, directly from Eq. (2.57), it is mathematically simpler to form the quan-
tity M = $[(ds*/ds)> — 1] = 4[(1 + €g)* — 1] = €; + $€2. Then one may compute €, from Eq. (2.61).
For small ¢ (Sec. 2.8), ¢ = M. A more detailed derivation of Eq. (2.61) is given by Boresi and Chong
(1987, Sec. 2-6).

* In small displacement theory, the quadratic terms in Eqs. (2.62) are neglected. Then, Egs. (2.62) reduce
to Egs. (2.81).
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Eq. (2.61) yields
Mx = €px + %6}23:: = €4« (2613)

where M, and €, denote the magnification factor and the engineering strain of the
element ds (parallel to the x direction). Hence, €., physically, is the magnification
factor of the line element at P that lies initially in the x direction. In particular, if
the engineering strain is small (;, « 1), we obtain the result €, & €z, namely, that
€. is approximately equal to the engineering strain for small strains. Similarly, for
the cases where initially ds lies parallel to the y axis and then the z axis, we obtain

M, = &, + %E%y =&y
M, = €5, + 3€k, =€, (2.61b)

Thus, (€., €y, €,;) physically represent the magnification factors for line elements
that initially lie parallel to the (x, y, z) axes, respectively.

To obtain a physical interpretation of the components €,, €,,, €,,, it is neces-
sary to determine the rotation between two line elements initially parallel to the
(x,y) axes, (x, z) axes, and (y, z) axes, respectively. To do this, we first determine the
final direction of a single line element under the deformation. Then, we use this
result to determine the rotation between two line elements.

Final Direction of Line Element
As a result of the deformation, the line element ds: (dx, dy, dz) deforms into the line
element ds*: (dx*,dy*, dz*). By definition, the direction cosines of ds and ds* are

dx dy dz
=% "% "7
dx* dy* dz*
¥ o T [ p— .64
! ds*’ "= T s (2.64)
Alternatively, we may write
dx* ds dy* ds dz* ds
l* — L — S B .
ds ds*’ ds ds*° ' ds ds* 265)

By Egs. (2.58) and (2.59), we find

dx* ou ou du
——={l+—|l+—m+-n

ds 0x dy 0z
%:2—21%1 +S—Z)m+g§n
%Z;’f:g—ju‘;_”y”m(ugg)n (2.66)
and by Eq. (2.57)
Ed;; 1 J:EE 2.67)

2.7 / STRAIN THEORY AND TRANSFORMATIONS, PRINCIPAL STRAINS 61

Hence, Egs. (2.65), (2.66), and (2.67) yield

ou ou ou
1 F=(1+_— — —
(1+€) < +6x)l+6ym+6zn
ov ov ov
1 * =
(1 + eg)m 6xl+<1+6y)m+azn
ow ow ow
1 =4 — hid
(1 + €g)n axl+ aym+(1 + 62>n (2.68)

Equations (2.68) represent the final direction cosines of line element ds when it
passes into the line element ds* under the deformation.

Rotation Between Two Line Elements
(Definition of Shear Strain)

Next, let us consider two infinitesimal line elements PA and PB of lengths ds,
and ds, emanating from point P. For simplicity, let PA be perpendicular to PBY
(Fig. 2.19). Let the direction cosines of lines PA and PB be (I,,m,,n,) and (I,,m,,n,),
respectively. By the deformation, line elements PA, PB are transformed into line
elements P*4*, P*B*, with direction cosines (IF,m¥,n}) and (1%, m%,n%), respec-
tively. Since PA is perpendicular to PB, by the definition of scalar product of vectors

cosg =1, + mymy + nyny =0 (2.69)

Similarly, the angle 6* between P*4* and P*B* is defined by

cos 0% = I¥15 + m¥m% + nin} (2.70)
B*
y Y
dsy*
b B P‘ 93
dsy
dsy* *
= (u, v, w} ! A
4
dsy A
z
A x
2 X

Figure 2.19 Line segments PA and PB before and after deformation.

' This restriction is not necessary but is used for simplicity. See Boresi and Chong (1987).
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In turn, (If,m¥,n%) and (I%,m%,n¥) are expressed in terms of (I;,m,;,n;) and
(I,,m,,n,), respectively, by means of Eq. (2.68). Hence, by Egs. (2.68), (2.69), and
(2.70), we may write with Egs. (2.62)

912 = (1 + €,)(1 + €g;) cos 0%
=2l 5€,, + 2mymye,, + 2nyny€,, + 2(Iymy + Lmy)e,,
+ 2(myn, + mony)e,, + 2(lin, + Linye,, 2.71)

where y;, is defined to be the engineering shear strain between line elements PA and
PB as they are deformed into P*4* and P*B* (Fig. 2.19). -

To obtain a physical interpretation of €,,, we now let PA and PB be oriented
initially parallel to axes (x, ), respectively. Hence, [, =1, m; =n; =0 and [, =
n, = 0, my = 1. Then Eq. (2.71) yields the result

P2 = Vay = 265 (2.72)

In other words, 2¢,, represents the engineering shear strain between two line ele-
ments initially parallel to the (x, y) axes, respectively. Similarly, we may consider
PA and PB to be oriented initially parallel to the (y,z) axes and then to the (x,z)
axes to obtain similar interpretations for €,,, €,.. Thus,

ny = 2€x},, yyz = 2€yz3 Vxz = ZExz (273)

represent the engineering shear strains between two line elements initially parallel
to the (x, ), { ¥, z) and (x, z) axes, respectively.

If the strains €g,, €z, are small and the rotations are small (e.g., 8* = n/2),
Eq. (2.71) yields the approximation

ha = (1 + €)(1 + €5) 008 0% & 5 — 0% (2.74)

and the engineering shear strain becomes approximately equal to the change in
angle between line elements PA and PB.

Other results analogous to those of stress theory (Sec. 2.3 and 2.4) also hold.
For example, the symmetric array

(2.75)

is the strain tensor. Under a rotation of axes, the components of the strain tensor
(€xx>Exy» €xzs - - ) transform in exactly the same way as the stress tensor [Eqgs. (2.15)
and (2.17)]. [Compare Egs. (2.5) and (2.75). Also compare Eqs. (2.11) and (2.61)].
To show this transformation, consider again axes (x,y,z) and (X,Y,Z), as in
Sec. 2.4, Fig. 2.8 (also Fig. 2.18), and Table 2.2. The strain components €xx, €xy,
€xz,- .., are defined with reference to axes (X, Y, Z) in the same manner as €, €,,,
€,s,..., are defined relative to axes (x, y, z). Hence, ey is the extensional strain of a
line element at point P (Fig. 2.18) that lies in the direction of the X axis, and eyy
and €y, are shear components between line elements that are parallel to axes (X, Y)
and (X, Z), respectively, and so on for €yy, €,7, €/z. Hence, if we let element ds lie
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parallel to the X axis, Eq. (2.61), with Table 2.2, yields
exx = l2e,, + mie,, + nie,, + 2lim €, + 2inj€,, + 2mne,,  (2.76a)

Similarly for the line elements that lie parallel to axes Y and Z, respectively, we
have

&y = l3e,, + mie, + nie,, + 2,mye,, + 2Ln,€,, + 2mynse,.  (2.76b)
€27 = le,, + mie,, + nje,, + 2ymae,, + 2hnse,, + 2manse,,  (2.76¢)

Similarly, if we take line elements P4 and PB parallel, respectively to axes X
and Y (Fig. 2.19), Egs. (2.71) and (2.73) yield the result

Yrxy = &y = Libe, + mymy€,y, + niny€,, + (Iimy + Ihmyle,,
+ (myny + many)e,, + (Liny + Ihny)e,, (2.76d)

In a similar manner, we find

1 = —
2Vvz = €yz = lzl3€xx + mymse€,, + nynse,; + (12m3 + lSmZ)exy

+ (myns + myny)e,, + (Lhng + l3ny)e,, (2.76¢)
%sz =€xz = Lil3€6,c + myms€,, + nyns€,, + (lyms + lSml)exy
+ (myny + many)e,, + (Iins + I3ny)e,, (2.76f)

where (I,,m,,n,), (I,,m,,n,) and (I, m,, n3) are the direction cosines of axes X, Y,
and Z, respectively.

Equations (2.76) represent the transformation of the strain tensor (e,,,¢,,,...,
€,.) under a rotation from axes (x, y, z) to axes (X, Y, Z). (See Figs. 2.18 and 2.19 and
also Fig. 2.8))

Principal Strains

Under a deformation of a body (Sec. 2.6), any infinitesimal sphere in the body is
deformed into an ellipsoid, called the strain ellipsoid. The principal axes of the
strain ellipsoid have the directions of the principal axes of strain (see below) at the
center of the ellipsoid in the deformed member. The radii of the infinitesimal sphere
that pass into the principal axes of the strain ellipsoid are initially perpendicular to
each other, and they coincide with the principal axes of strain in the undeformed
body. Hence, through any point in an undeformed member, there exist three mutu-
ally perpendicular line elements that remain perpendicular under the deformation.
The strains of these three line elements are called the principal strains at the point.
We denote them by (eg,,€g,,€53) and the corresponding principal values of the
magnification factor M = ¢; + 1e2 are denoted by (M;, M,, M;). By analogy with
stress theory (Sec. 2.4), the principal values of the magnification factor are the three
roots of the determinantal equation

€xx — M exy €xz
€y €,—M ¢, =0 (2.77a)
€2 E,vz €z — M
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or .
M-I M- LM—-I,=0
M =¢; + 1€ (2.77b)
where

I} =€+ €, + €,

I, = €xx  €xy €xx  €xz vy vz
= — — —
€xy €y €xz €z €y; €z
— 2 2 2
- €Jt:y + €, + €yz - Exxeyy — €4x€zz — 6yyezz

€xx €xy €xz
€

I;=|e, €

€, €

(2.78)

Yy yz

yz €z

are the strain invariants [see Egs. (2.19), (2.20), (2.21)]. Because of the symmetry of
the determinant of Eq. (2.77a), the roots M;:i = 1, 2, 3 are always real. Also since
€ > —1L, M > —1.

The three principal strain directions associated with the three principal strains
(€x1-€525€x3), EQ. (2.77b), are obtained as the solution for (I, m, n) of the equations

lexr — M) + me,, + ne,, =0
le,, + m(e,, — M) + ne,, =0
le,, + me,, + n(e,, — M) =0
P+m?+ni=1 .79
Recall that only two of the first three of Egs. (2.79) are independent. The solution
M = M, yields the direction cosines for €; = €z, and so on for M = M,(€; = €z,),
M = Mj(eg = €g3).
If (x,y,z) axes are principal strain axes, €,, = My, €,,= My, €,, = M3, €,, =
€,; = €,, = 0 and the expressions for the strain invariants I, I, I5 to reduce to
I, =M, + M, + M,
I, = —M;M, — M{M; — M, M,
I, = MM, M, (2.80)

2.8

SMALL-DISPLACEMENT THEORY

The deformation theory developed in Sec. 2.6 and 2.7 is purely geometrical and the
associated equations are exact. In the small-displacement theory, the quadratic
terms in Egs. (2.62) are discarded. Then

_Ou ov ow

~

—_— —_— o~
€xx = 6)6’ Eyy = ay’ €2 = oz

~1 a_v_{_@ € ~1 6_W+% € ~1 5_W+QE (281)
“=3\ax Tay) =T2\ax "a) T2\ ")
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are the strain-displacement relations for small-displacement theory. Then, the
magnification factor reduces to

M=e (2.82)

The above approximations, which are the basis for small-displacement theory,
imply that the strains and rotations (excluding rigid-body rotations) are small com-
pared to unity. The latter condition is not necessarily satisfied in the deformation
of thin flexible bodies, such as rods, plates, and shells. For these bodies the rota-
tions may be large. Consequently, the small-displacement theory must be used with
caution: It is usually applicable for massive (thick) bodies, but it may give results
that are seriously in error when applied to thin flexible bodies.

Strain Compatibility Relations

The six strain components are determined by Egs. (2.81) if the three displacement
components (u,v,w) are known. However, the three displacement components
(u, v, w) cannot be determined by the integration of Eqs. (2.81) if the six strain com-
ponents are chosen arbitrarily. That is, certain relationships (the so-called strain
compatibility relations) among the six strain components must exist in order that
Eqgs. (2.81) may be integrated to obtain the three displacement components. To
illustrate this point, for simplicity, consider the case of plane strain relative to the
(,y) plane. This state of strain is defined by the condition that the displacement
components (u,v) are functions of (x,y) only and w = constant. Then Egs. (2.81)
yield

_ ou o e = ou + ov
Cox = 5y » oy ¥ oy ox
€y = €yz =€, = 0 (a)

The strain compatibility condition is obtained by elimination of the two displace-
ment components {u,v) from the three nonzero strain-displacement relations in
Egs. (a). This can be done by differentiation and addition as follows. Note that by
differentiation, Egs. (a) yield

; e Ou %, 0% b)
ay?  oxoy¥ x?  ax*ay
and
2 3 3
20%,, 0°u + 0°v ©

dxdy ~ oxo0y® ' ox*dy

Addition of the right-hand sides of Egs. (b) shows that the right-hand side of
Egq. (c) is obtained. Therefore, the relation

d%,, 0%, 20%,,
oy? toxz T 0x 8y @

among the three strain components exists. This result, valid for small strains, is
known as the strain compatibility relation for plane strain. In the general case, a
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similar elimination of (u, v, w) from Egs. (2.81) yields the results (Boresi and Chong,
1987; Sec. 2-16)

%, + e 0%,

ox? | 9yt T Toxay

0%, 0%, 26 €xs

ox? ' 022 “oxéz

0%, + d%,, 2626y,

oy " 8zr T Tayoz
d%,, 0%, 0%, 0%,

oxdy ' 0z  dzdx  dyoz

d%,, + %€, _ o%,, 0%,

0x0z  0y* 0Oydz Ox0y

d%,, 0%, 0%, 0O,
-+ =

dydz  0x? 0Oxdy 0Oxoz

(2.83)

Equations (2.83) are known as the strain compatibility equations of small-displace-
ment theory. It may be shown that if the strain components (g, €,,, €., €5y, €, €,,)
satisfy Eqs. (2.83), there exist displacement components (u,v,w) that are solu-
tions of Eqgs. (2.81). More fully, in the small-displacement theory, the functions
(€xx> €yy> €225 €xpr €2z, €y) A€ possible components of strain if, and only if, they sat-
isfy Egs. (2.83). For large displacement theory, the equivalent results are given by
Murnahan (1951).

Strain-Displacement Relations for Orthogonal

Curvilinear Coordinates

More generally, the strain-displacement relations [ Egs. (2.62)] may be written for
orthogonal curvilinear coordinates (Fig. 2.16). The derivation of the expressions
for (€,5,€,y,€,5 €5y, €12, €,;) IS a TOUtine problem (Boresi and Chong, 1987). For
small-displacement theory, the results are

c 5u+v0a+w0¢x
= Bay v oz

1 +WOB uaﬂ
y 9z o dx

~ B\ay
_1fow udy vy
€z y<62+aax+ﬂ6y>
1o 1o v op s
WTo\Bay adx of dx af dy
_116w 1 0u iﬁ_a_iay
T o\adx ydz ay oz ay Ox
1flow 1dv wady v 0f
B L AL A L il 2.84
O 289
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where (4, v, w) are the projections of the displacement vector of point (x, y, z) on the
tangents to the respective coordinate lines at that point and (¢, 5, y) are the metric
coefficients of the coordinate system [Eq. (2.47)]. Equations (2.84) are easily spe-
cialized for particular coordinates. For cylindrical coordinates x =7,y =6,z =z
and then a = 1, § =r, y = 1; for spherical coordinates, x = r, y = 6 = colatitude,
z = ¢ = longitude and then a = 1, f = r, y = rsin 0 (see Sec. 2.5), etc.

Thus, we obtain for

Cylindrical Coordinates

. ou u + 1dv ow
= — €pp = — 4+ — — = —
"Ta T rw =T %
SV T O .
VYro = re — r ae ar 7', yrz - rz T 62 ar
v 10w
e =€, = o g 2 2 :
Yoz Gez az + r 60 (2 85)
Spherical Coordinates
€ —6—u —-E+lav € —u+vc0t9+ ! a_w
" LT Ty rsinf d¢
—‘26 _1%_'__6_0_ v ‘—26 = ! a_u+a_w K
T e T T im0 8 o v
1/ow 1 v
=%, = 2" _ t0 - = 2.86
Yoy = “€a r<ae weo )+rsin9 3 (2:36)
Polar Coordinates
Ou u 1adv 1 du ov v
r = _67, €gg = ; + ; %7 Yo = 2619 66 + 5 - ; (287)

EXAMPLE 2.4
Three-Dimensiorial State of Strain

The parallelopiped in Fig. E2.4 is deformed into the shape indicated by the dashed
straight lines (small displacements). The displacements are given by the follow-
ing relations: u = C,xyz, v = C,xyz, and w = C;xyz. (a) Determine the state of
strain at point E when the coordinates of point E* for the deformed body are
(1.504, 1.002, 1.996). (b) Determine the normal strain at E in the direction of line

EA. (c) Determine the shear strain at E for the undeformed orthogonal lines EA
and EF.

SOLUTION

The magnitudes of C;, C,, and C, are obtained from the fact that the dis-
placements of point E are known as follows: uz = 0.004 m, vy = 0.002 m, and
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F*

/ 2.000 m

A B

A B
1.000 m

Figure E2.4

X

wg = —0.004 m. Thus,

(a) The strain components for the state of strain at point E are given by
Egs. (2.81). At point E,

€= g_“ - @ y2=000267, €, =000200, e, = —000200
X
1/0v Ou 1/0.002 0.004
_Lfov  owy_ 170002 = 000267
€0 2(ax * ay) 2( 3 T "Z)

Pey = 265, = 000583, 7, = 2¢,, = —0.00007
Ty = 26, = —0.00300

(b) Let the X axis lie along the line from E to A. The direction cosines of EA4 are
L=0m =- 1/\/—5, and n, = ~2/+/5. Equations (2.61) and (2.82) give the
magnitude for exy. Thus,

2 2
€xx = €,,Mmi + €,,n1 + 2€,;mn,

_ 000200  0.00200(4) _ 0.00300(2) _

—0.00240
5 5 5
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(¢) Let the Y axis lic along the line from E to F. The direction cosines of EF
are I, = —1, m; =0, and n, = 0. The shear strain yy, = 2eyy is given by
Eq. (2.76d). Thus,
Yxy = 2€xy = 2€,,L,my + 2¢,.0,n,
_ (0.00533) + (—0.00007)(2)

7 NG

= 0.00232

EXAMPLE 2.5
State of Strain in Torsion-Tension Member

A straight torsion-tension member with a solid circular cross section has a length
L = 6 m and radius R = 10 mm. The member is subjected to tension and torsion
loads that produce an elongation AL = 10 mm and a rotation of one end of the
member with respect to the other end of 7/3 rad. Let the origin of the (v, 8, z) cylin-
drical coordinate axes lie at the centroid of one end of the member, with the z axis
extending along the centroidal axis of the member. The deformations of the mem-
ber are assumed to occur under conditions of constant volume. The end z = 0 is
constrained so that only radial displacements are possible there. (a) Determine the
displacements for any point in the member and the state of strain for a point on
the outer surface. (b) Determine the principal strains for the point where the state
of strain was determined.

SOLUTION

The change in radius AR for the member is obtained from the condition of con-
stant volume. Thus,

aR?L= (R + AR)¥L + AL)
10%(6 x 10%) = (10 + AR)*(6010)
AR = —0,00832 mm

(a) The displacements components

- u = —0.000832r (mm)
v = 0.0001745rz (mm)
w = 0.001667z (mm)

satisfy the displacement boundary conditions at z = 0. The strain components
at the outer radius are given by Eqs. (2.85). They are (rounded to six decimal

places)
1

e =2 0000832, ey ="+1_ 0000832

ar ror oo

ow 1ou ov v
GZZ=E=0001667, Yr9=2€r0=;%+5_;=0

ou ow v 1dw

Y,-z=2€rz—5+5'=0, ’)’92=2€gZ=a—2+;56'=0.001745
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(b) The three principal strains are the three roots of a cubic equation,
Eq. (2.77b), where the three invariants of strain are defined by Egs. (2.78).
Choose the (x, y,2) coordinate axes at the point on the outer surface of the
member where the strain components have been determined in part (a). Let
x=r,y=0,and z = z. From Eqs. (2.78),

T, = €, + € + €, = —0.000832 — 0.000832 + 0.001667 ~ 0

1_2 = —€,,€9 — €,€,;, — €y, + erzs + erzz + egz
= —(—0.000832)(—0.000832) — (—0.000832)(0.001667)
0.001745\?2
—(—0.000832)(0.001667) + (T)
= +2.838 x 107
—0.000832 0 0
00174
R 0 0000832 2001745
I3 =|eo, €gp €p.|= 2
€, €p € 0 0.0021745 0001667
= 1.785 x 107°

Substitution of these results into Eq. (2.77b) gives the following cubic equa-
tion in (= M):

€*— 2838 x 107% —1.785 x 1077 =0

One principal strain, €,, = —0.000832, is known. Factoring out this root,
we find

€2 — 0.000832¢ — 2.146 x 1076 =0

Solution of this quadratic equation yields the remaining two principal strains.
Thus, the three principal strains are

€, = 0.001939
€, = —0.000832
€5 = —0.001107

EXAMPLE 2.6
Mohr’s Circle for Plane Strain

A state of plane strain at a point in a body is given, with respect to the (x, y) axes,
as €, = 000044, ¢,, = 0.00016, and €,, = —0.00008. Determine the principal
strains in the (x, y) plane, the orientation of the principal axes of strain, the maxi-
mum shear strain, and the strain state on a block rotated by an angle of §' = 25°
measured counterclockwise with respect to the reference axes.
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SOLUTION

Since the components of strain form a symmetric second-order tensor, they are
transformed in precisely the same way as stresses. Thus, plane strain states can be
represented by Mohr’s circle in the same way as plane stress states. By analogy to
the development for plane stress, Mohr’s circle for plane strain is defined by the
equation, [see Eq. (2.32)]

[EXX - %(exx + 6yy):]z + (GXY - 0)2 = %(Exx - eyy)2 + €J?:y (a)
Equation (a) is the equation of a circle in the (exx, €xy) plane with center coordinates
[2{ess + €,), 0] (b)

R = A% %(Exx - eyy)2 + ei_v (C)

The orientation of the principal axes of strain is given by the angle 8, where

and radius

2e
tan20 = ——¥ (G))
xx — €yp
and 8 is measured with respect to the reference x axis, positive in the counterclock-

wise sense. The principal strains are

€+ €

€ = (__2—}’}’) + %(exx - ny)z + €J2cy (e)
(Exx T € /

€ = _____2_—)')’) - %(exx - 6yy)2 + Echy (f)

The maximum shear strain is simply the radius of the circle as given by Eq. (c).

For the data given, the state of strain may be expressed as €,, = 440y, €,, =
160y, and €,, = —80 y, where u = 107°. This representation of strain is known
as microstrain. The Mohr’s circle for this data is shown in Fig. E2.6a. By Eq. (b)
and (c), the center of the circle is located at point C with coordinates (300 u, 0)
and its radius is R = 161 . By Eqgs. () and (f), the principal strains are

€ =300p + 161 p =461 p (®
- €,=300p — 161 =139 (h)

On Mohr’s circle, they correspond to points Q and Q’, respectively. The reference
strain state is plotted at points P(e,,,¢,,) and P'(,,, — €,,). Note that the positive
€y axis is directed downward, as is done with the plane stress case. By Eq. (d) the
principal axis corresponding to €; in the body is located at an angle of § = —14.87°
with respect to the x axis. On Mohr’s circle, this corresponds to an angle 20 =
—29.74° from line CP to line CQ.

The maximum value of shear strain is €xyumay = R = 161 p. It occurs at an
orientation of +45° from the principal axis for €; (+90° from line CQ on Mohr’s
circle). Note that this is the maximum shear strain using the tensor definition
of strain. The maximum engineering shear strain is Yxymax) = 2€xymaxy = 322 U
[Eq. (2.73)]. The strain state on a block at 8’ = 25° (50° on Mohr’s circle) is iden-

tified by points S(e’,,€,,) and S'(¢;,, —€,). By geometry of the circle, the strain
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NG e’xy )
re— e, = 138
Ple,, €y )
] Q
exx
xy(max)
=161
Exy
(a)
- “\
e - \
- \
-7 \
y < \ [ peformed
\ -
\\ |r__: Undeformed

Orientation at 6’

Reference orientation

Principal strain orientation
(b)

Figure E2.6 (a) Mohr’s circle for plane strain. (b) Deformed element in three different
orientations.

quantities are

€..= 0C + Rcos(20' — 20) = 329

€,,=0C — Rcos(20' — 20)=271pu

€., = —Rsin(20' —20)= —-295u
In Fig. E2.6b, the deformed shape of an element in the reference origntation is
shown. Also illustrated is the deformed shape in the principal oriefltatlf)n, that is
at an angle of 6 = —14.87° with respect to the x axis. Notice that in this orienta-

tion, the deformed element is not distorted, since the shear strain is zero. Finally,
the deformed shape at 8’ = 25° with respect to the reference orientation is shown.
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2.9

STRAIN MEASUREMENT. STRAIN ROSETTES

For members of complex shape subjected to loads, it may be mathematically
impractical or impossible to derive analytical load-stress relations. Then, either
numerical or experimental methods are used to obtain approximate results. Nu-
merical methods (finite element methods) are treated in Chapter 19. Several exper-
imental methods are used, the most common one being the use of strain gages.
Strain gages are used to measure extensional strains on the free surface of a
member or the axial extension/contraction of a bar. They cannot be used to
measure the strain at an interior point of a member. To measure interior strains
(or stresses), other techniques such as photoelasticity may be used, although this
method has been largely superseded by modern numerical techniques. Neverthe-
less, photoelastic methods are still useful when augmented with modern computer
data-acquisition techniques (Kobayashi, 1987). Additional experimental proce-
dures are also available. They include holographic, Moiré, and laser speckle inter-
ferometry techniques. These specialized methods lie outside of the scope of this
text (see Kobayashi, 1987). We shall discuss only the use of electrical resistance
(bonded) strain gages. Electric strain gages are used to obtain average extensional
strain over a given gage length. These gages are made of very fine wire or metal
foil and are glued to the surface of the member being tested. When forces are applied
to the member, the gage elongates or contracts with the member. The change in
length of the gage alters its electrical resistance. The change in resistance can be
measured and calibrated to indicate the average extensional strain that occurs over
the gage length. To meet various requirements, gages are made in a variety of gage
lengths, varying from 4 to 150 mm (approximately 0.15 to 6 in), and are designed
for different environmental conditions.

A minimum of three extensional strain measurements in three different direc-
tions at a point on the surface of a member is required to determine the average
state of strain at that point. Consequently, it is customary to cluster together three
gages to form a strain rosette that may be cemented to the free surface of a member.
Two common forms of rosettes are the delta rosette (with three gages spaced
at 60° angles) and the rectangular rosette (with three gages spaced at 45° angles),
Fig. 2.20. From the measurement of extensional strains along the gage arm direc-
tions (directions a, b, ¢ in Fig. 2.20), one can determine the strain components
(ex,,eyy,gxy) at the point, relative to the (x,y) axes. Usually, one of the axes is

60° 80°

(a) (b)

Figure 2.20 Rosette strain gages. (a) Delta rosette. (b) Rectangular rosette.
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taken to be aligned with one arm of the rosette, say, the arm a. Hence, €., = ¢,,
the average extensional strain in the direction a. Then, the components (g,,, €,,)
may be expressed in terms of the measured extensional strains €, €,, and €, in the
directions of the three rosette arms g, b, ¢, respectively. (See Example 2.7.)

EXAMPLE 2.7
Measurement of Strain on a Surface of a Member

A strain rosette with gages spaced at an angle 6 is cemented to the free surface of
a member (Fig. E2.7). Under a deformation of the member, the extensional strains
measured by gages q, b, ¢ are €,, €,, €,, respectively. (a) Derive equations that deter-
mine the strain components €, ., €,,, €,, in terms of €, €;, €, and 6. (b) Specialize the
results for the delta rosette (8 = 60°) and rectangular rosette (6 = 45°).

X

Figure E2.7

SOLUTION

(a) The direction cosines of arms g, b, c, are respectively,
(,,mg,n,) = (1,0,0),(l,,m,,n,) = (cos 6, sin 6, 0), (L., m., n.) = (cos 26, sin 26, 0)
The extensional strain of a line element in the direction (I, m,n) is given by

Eq. (2.61). Hence, by Eq. (2.61), the extensional strains in the directions of
arms a, b, ¢ are

ea = €xx
€5 = €,,(c0s? 0) + €,,(sin? B) + 2¢, (cos 6)(sin 6)
€, = €,,(cos?20) + €,,(sin?26) + 2¢,,{cos 20)(sin 26) (@)

Equations (a) are three equations that may be solved for €,,, €,,, and €, in
terms of €,, €,, and €, for a given angle 6. The solution is

€xx = €ﬂ
e (€, — 2¢;)sin 40 + 2¢,sin 20
o 4sin? 0'sin 20
_ 2¢,(sin*fcos? 20 — sin® 20 cos® ) + 2(e, sin> 20 — ¢, sin*0) b)
= 4sin? Osin 26

PROBLEMS 7D

(b) For 6 =60°, cosf = 1/2, sinf = \/3/2, cos 26 = —1/2, and sin 26 = /3/2.
Therefore, for 6§ = 60°, Egs. (b) yield

€XX - Ea
2(e, +€) — €,
i S
€y — €
€xy = \/‘
3

For 6 = 45°, cos @ = 1/4/2, sin§ = 1/4/2, cos26 = 0, and sin 26 = 1. There-
fore, for 6 = 45°, Egs. (b) yield

©

€xx = €45 6yy =€, Exy =€ — %(ea + Ec) (d)

PROBLEMS
Sections 2.1-2.4

2.1.  Let the state of stress at a point be specified by the following stress
components: o,, = 6,, = 0,, =0, o,, = —75 MPa, ¢,, = 65 MPa, and
0., = —55 MPa. Determine the principal stresses, direction cosines for the
three principal stress directions, and maximum shear stress.

2.2.  Consider a state of stress in which the nonzero stress components are o,
0y, 0., and o,,. Note that this is not a state of plane stress since o,, # 0.
Consider another set of coordinate axes (X, Y, Z), with the Z axis coincid-
ing with the z axis and the X axis located counterclockwise through angle 6
from the x axis. Show that the transformation equations for this state of
stress are identical to Eq. (2.30) or (2.31) for plane stress.

2.3.  Let the state of stress at a point be specified by the following stress com-
ponents: o,, = 110 MPa, ,, = —86 MPa, 0,, = 55 MPa, ¢,, = 60 MPa,
and ¢, = 0,, = 0. Determine the principal stresses, direction cosines of
the principal stress directions, and maximum shear stress.

Ans. o, = 1269 MPa, o, = —102.9 MPa, o, = 550 MPa
I, =09625, m, =02717, n, =0
I, =02717, m, = —09625, n,=0
Iy =0, my =0, ny=—1
Oxsumag = 114.9 MPa

2.4. Solve Problem 2.3 using the results of Problem 2.2

2.5.  Let the state of plane stress be specified by the following stress compoenents:
0.x = 90 MPa, 0,, = —10 MPa, o, = 40 MPa. Let the X axis licin the (x, y)
plane and be located at 6 = n/6 clockwise from the x axis. The direc-
tion cosines for the X axis are | = cos(—n/6) = 0.8660, m = sin(—r/6) =
—0.5000, n = 0. Determine the normal and shear stresses on a plane per-
pendicular to the X axis; use Egs. (2.10), (2.11), and (2.12).

Ans. oyy = 30.36 MPa, oyy = 63.30 MPa
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In Problems 2.6 through 2.9, the Z axis for the transformed axes coincides with the z
axis for the volume element on which the known stress components act.

2.6.

2.7.

2.8.

2.9.

2.10.

2.11.

2.12.

2.13.

2.14.
2.15.

The nonzero stress components are g, = 200 MPa, g,, = 100 MPa, and
o,, = —50 MPa. Determine the principal stresses and maximum shear
stress. Determine the angle between the X axis and the x axis when the
X axis is in the direction of the principal stress with largest absolute
magnitude.

The nonzero stress components are o,, = —90 MPa, g,, = 50 MPa, and
6,, = 60 MPa. Determine the principal stresses and maximum shear stress.
Determine the angle between the X axis and the x axis when the X axis is in
the direction of the principal stress with largest absolute magnitude.

Ans. 6, =722 MPa, 0, =—1122MPa, 03 =0, 75, =922 MPa.
X axis located 0.3543 rad clockwise from x axis.

The nonzero stress components are o,, = 80 MPa, ¢,, = —60 MPa, and
6., = 30 MPa. Determine the principal stresses and maximum shear
stress. Determine the angle between the X axis and the x axis when the
X axis is in the direction of the principal stress with largest absolute
magnitude.

The nonzero stress components are g,, = 150 MPa, g,, = 70 MPa, ¢, =
—80 MPa, and g,, = —45 MPa. Determine the principal stresses and maxi-
mum shear stress. Determine the angle between the X axis and the x axis
when the X axis is in the direction of the principal stress with largest absolute
magnitude.

Ans. o, = 1702 MPa, ¢, =49.8 MPa, o; = —80 MPa,
Tmax = 125.1 MPa. X axis located 0.4221 rad clockwise from the x axis.

Using transformation equations of plane stress, determine oy and oyy for
the X axis located 0.5000 rad clockwise from the x axis. The nonzero stress
components are given in Problem 2.6.

Using transformation equations of plane stress, determine oyy and oyy for
the X axis located 0.1500 rad counterclockwise from the x axis. The nonzero
stress components are given in Problem 2.7.

Ans. oxxy = —69.1 MPa, oy, =78.0 MPa

Using transformation equations of stress (see Problem 2.2), determine oyx
and oy for the X axislocated 1.00 rad clockwise from the x axis. The nonzero
stress components are given in Problem 2.8.

Using transformation equations of stress (see Problem 2.2), determine oy
and gyy for the X axis located 0.70 rad counterclockwise from the x axis. The
nonzero stress components are given in Problem 2.9.

Ans. oxx = 72.5 MPa, oyy = —47.1 MPa

Solve Problem 2.10 using Mohr’s circle of stress.
Solve Problem 2.11 using Mohr’s circle of stress.

2.16.
2.17.
2.18.

2.19.

2.20.
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Solve Problem 2.12 using Mohr’s circle of stress.
Solve Problem 2.13 using Mohr’s circle of stress.
A volume element at the free surface is shown in Fig. P2.18. The state of

stress is plane stress with o,, = 100 MPa. Determine the other stress
components.

Free

surface
xy

XX

ONs

Q

Figure P2.18
Determine the unknown stress components for the volume element in

Fig. P2.19.

Ans. o, = 2667 MPa, o, = 172.50 MPa

0xx = 120 MPa

yy = 02

Figure P2.19

Determine the unknown stress components for the volume element in
Fig. P2.20.
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¥y
X
oxx = 120 MPa
7}
oxy = 50 MPa
Y
o 30°
x
e e e
Oy
Tyy

Figure P2.20

2.21. Determine the unknown stress components for the volume element in
Fig. P2.21.

Ans. o, = —109.18 MPa, g,, = —10.01 MPa

Y

Oyy = 40 MPa
Oxy

5

Figure P2.21
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In Problems 2.22 through 2.26, determine the principal stresses, maximum shear
stress, and octahedral shear stress.

2.22. The nonzero stress components are o, = — 100 MPa, g,, = 60 MPa, and
0,, = —50 MPa.,

2.23. The nonzero stress components are o,, = 180 MPa, o,, = 90 MPa, and
G,y = 50 MPa.
Ans. 6, =2023MPa, 0, =677MPa, 0;=0, 1., = 101.1 MPa,

Toot = 84.1 MPa

2.24. The nonzero stress components are ¢, = — 150 MPa, g,, = —70 MPa,
6, = 40 MPa, and 6., = — 60 MPa.

2.25. The nonzero stress components are o, = 80 MPa, g,, = —35MPa, g,, =

—50 MPa, and g, = 45 MPa.

Ans. 0, =955MPa, o, = —50.5MPa, ¢, = —50 MPa,
Tmax = 713.0 MPa, <, = 68.7 MPa

2.26. The nonzero stress components are g, = 95 MPa, g,, = 0, 0,, = 60 MPa,
and g,, = —55 MPa.

2.27.  Let the state of stress at a point be given by o,,= —~120 MPa, 5,, =140 MPa,
0., = 66 MPa, 0., = 45 MPa, 0,, = —65 MPa, and g,, = 25 MPa. Deter-
mine the three principal stresses and directions associated with the three
principal stresses.

Ans. o, = 1802 MPa, o, =40.1 MPa, o, = —134.3 MPa
I, =0.0913, m, = 08740, n, = —0.4773
I, = 02584, m,=04422, n, = 0.8589
l, = 09598, m, = —02062, n,= —0.1904

2.28. Let the state of stress at a point be given by o, = 0, 0,, = 100 MPa, g,, = 0,
0.y = —60 MPa, ¢,, = 35 MPa, and o,, = 50 MPa. Determine the three
principal stresses.

2.29. Letthestate of stress ata point be given by o, = 120 MPa, g,, = —55MPa,

0., = —85 MPa, g,, = —55 MPa, 0,, = 33 MPa, and o,, = —75 MPa.
Determine the three principal stresses and maximum shear stress.

Ans. oy =162.5 MPa, o0, = —114.1 MPa, o, = —684 MPa, Tax =
138.3 MPa

2.30. Let the state of stress at a point be given by o,, = ~90 MPa, o, =
—60 MPa, g,, = 40 MPa, 6., =70 MPa, g,, = —40 MPa, and O, =
—55 MPa. Determine the three principal stresses and maximum shear stress.
2.31. Let the state of stress at a point be given by o,, = —150 MPa, 5,, = 0,
0.; = 80 MPa, g,, = —40 MPa, g,, = 0, and ¢, = 50 MPa. Determine the
three principal stresses and maximum shear stress.

Ans. 6, =912 MPa, o, = 828 MPa, o3 = —169.5 MPa,
Tmaxy = 130.3 MPa
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2.32. (a) Solve Example 2.1 using Mohr’s circle and show the orientation of

the volume element on which the principal siresses act.

(b) Determine the maximum shear stress and show the orientation of the
volume element on which it acts.

2.33. Ata point on the flat surface of a member, load-stress relations give the fol-

lowing stress components relative to the (x, y, z) axes, where the z axis is per-

pendicular to the surface: o,, = 240 MPa, 6,, = 100 MPa, 5,, = —80 MPa,
Gy = 0Oy = 0,, = 0.

(a) Determine the principal stresses using Eq. (2.20), and then again using
Eqgs. (2:36) and (2.37).

(b) Determine the principal stresses using Mohr’s circle and show the
orientation of the volume element on which these principal stresses act.

(¢) Determine the maximum shear stress and maximum octahedral shear
stress.

Sections 2.5-2.8

2.34. The tension member in Fig. P2.34 has the following dimensions: L = 5 m,
b = 100 mm, and k = 200 mm. The (x,y,z) coordinate axes are parallel
to the edges of the member, with origin 0 located at the centroid of the
left end. Under the deformation produced by load P, the origin 0 remains
located at the centroid of the left end and the coordinate axes remain
parallel to the edges of the deformed member. Under the action of load P,

the bar elongates 20 mm. Assume that the volume of the bar remains con-
stant withe,, = €,.

(a) Determine the displacements for the member and the state of strain
at point Q, assuming that the small-displacement theory holds.

(b) Determine €, at point Q based on the assumption that displacements
are not small.

/é Li2 7 /b

y
Figure P2.34
2.35. Inmany practical engineering problems, the state of strain is approximated
by the condition that the normal and shear strains for some direction, say, the
z direction, are zero, that is, €,, = €,, = €,, = 0 (plane strain). In Chapter 3,
it is shown that analogously, €,, = €,, = 0, but ¢, # 0 for members made of
isotropic materials and loaded such that the state of stress may be approx-
imated by the condition ¢,, = 0,, = g,, =0 (plane stress). Assume that
€00 €,, and €, for the (x,y) coordinate axes shown in Fig. P2.35 are
known. Let the (X, Y) coordinate axes be defined by a counterclockwise
rotation through angle @ as indicated in Fig. P2.35. Analogous to the
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transformation for plane stress, show that the transformation equations
of plar}e strain are exy = €, 08 0 + €,,sin” 0 + 2¢,,sinfcosf and €y, =
—€.sinfcost + ¢,,sin fcos 0 + €, (cos? § — sin? B). [See Eq. (2.30).]

¥y

et D

Figure P2.35

2.36. The square plate in Fig. P2.36 is loaded so that the plate is in a state of
plane strain (¢, = €,, = €,, = 0).

(a) Determine the displacements for the plate given the deformations
shown and the strain components for the (x, y) coordinate axes.
(b) Determine the strain components for the (X, Y) axes.

¥y
1m >
4 { BI X
— —B*
A* r \ |B
1 mm 1
Straight lines
Y 4 ]
3 |
—> :<— 2.5 mm
le-
0 < < x
Figure P2.36

2.37. The square plate in Flg P2.37 is loaded so that the plate is in a state of

plane strain (e, = €,, = €, = 0))
y
5 mm
= <3 mm r<—>-
e B*
V. At
25mm | |4 { g!'35mm
1 T
b ]
Y \‘ r<—1m - ]
! !
4 i
i \ Straight lines
\ il
\ gox ) |1em
_____ 6 ¥
0 ck *

T e

Figure P2.37
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2.38.

2.39.

2.40.

241,

2.42.

2.43.

(a) Determine the displacements for the plate for the deformations shown
and the strain components for the (x, y) coordinate axes.

(b) Determine the strain components for the (X, Y) axes.

Ans. (@) u = —0.0020x — 0.0030y, v = 0.0010x 4 0.0025y, €, = —0.0020,
€, = 0.0025, y,, = 2¢,, = —0.0020;
() exx = —0.00174, €y, = 0.00224, yxy = 2exy = 0.00290

Determine the orientation of the (X, Y) coordinate axes for principal
directions in Problem 2.37. What are the principal strains?

The plate in Fig. P2.39 is loaded so that a state of plane strain (,; = €,, =
€, = 0) exists.

(a) Determine the displacements for the plate for the deformations shown
and the strain components at point B.

(b) Let the X axis extend from point O through point B. Determine €xx
at point B.

Ans.  (a)(dimensions in m) u = 0.000667xy, v = 0.001333xy, €, = 0.00200,
€,, = 0.00200, y,,, = 2¢,, = 0.00500;
(b) exx = 0.00400

y 4)‘ <3
A =N B—{

1
|
A* B\>
|
|
i
!
|
c

mm
6 mm

Straight lines
30m

!
I

1.5 m —>

o C
Figure P2.39

The nonzero strain components at a point in a loaded member are €., =
0.00180, €,, = —0.00108, and y,, = 2¢,, = —0.00220. Using the results. of
Problem 2.35, determine the principal strain directions and principal strains.
Solve for the principal strains in Problem 2.40 by using Egs. (2.77b) and
(2.78).

Ans. € = 000217, €, =—000145, € =0

Determine the principal strains at point E for the deformed parallelepiped
in Example 2.4.

When solid circular torsion members are used to obtain material properties
for finite strain applications, an expression for the engineering shear strain y,,
is needed, where the (x, z) plane is a tangent plane and the z axis is parallel to

2.44.

2.45.

2.46.
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Figure P2.43

the axis of the member as indicated in Fig. P2.43. Consider an element
ABCD in Fig. P2.43 for the undeformed member. Assume that the member
deforms such that the volume remains constant and the diameter remains
unchanged. (This is an approximation of the real behavior of many metals.)
Thus, for the deformed element A*B*C*D*, 4*B* = AB, C*D* = CD, and
the distance along the z axis of the member between the parallel curved lines
A*B* and C*D* remains unchanged. Show that Eq. (2.71) gives the result
7zx = tan o, where « is the angle between AC and A*C*, where y,, = 2¢,,
is defined to be the engineering shear strain.

A state of plane strain exists at a point in a member, with the nonzero strain
components €,, = —2000 g, €,, = 400 y, and €,, = —900 p.

(2) Determine the principal strains in the (x, y) plane and the orientation
of the rectangular element on which they act. (See Example 2.6.)

(b) Determine the maximum shear strain in the (x, y) plane and the orien-
tation of the rectangular element on which it acts.

(c) Show schematically the deformed shape of a rectangular element in
the reference orientation, along with the original undeformed element.
(See Example 2.6.)

For the rectangular strain rosette, Fig. 2.20b, let arm a be directed along the
positive x axis of axes (x, y).

(a) Show that the maximum principal strain is located at angle 0,
counterclockwise to the x axis, where

2€, — €, — €
tan20 = =2~ Sa " &

€ — €
(b) Show that the two principal surface strains €; and €, are given by

_Ea+€c

2

€a +€C

2

€ + R, €, R

where
R= %[(ea - ec)z + (26;, — € — €c)2]1/2

(¢) Construct the corresponding Mohr’s circle for the rectangular rosette.

For the delta strain rosette, Fig. 2.20, let arm a be directed along the positive
x axis of axes (x, ).
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(a) Show that the maximum principal strain is located at angle 0,
counterclockwise to the x axis, where

ﬁ(eb - ec)

tan20 =
2e, — €, — €,

(b) Show that the two principal surface strains €, and €, are given by

€, + € + €,

€, + €, + €,
€ = =4 2 °_

3 + R, €, = 3

R

where 2
R =4[(2¢, — € — €)* + 3(e, — €)°]

(¢) Construct the corresponding Mohr’s circle for the delta rosette.

2.47. Let the arm a of a delta rosette, Fig. 2.20a, be directed along the positive x
axis of axes (x, y). From measurements, €, = 2450 y, €, = 13§0 Hs and €, =
—1310 . Determine the two principal surface strains, the direction of the
principal axes, and the associated maximum shear strain e,

2.48. Let the arm a of a rectangular rosette, Fig. 2.20b, be diFected along the posi-
tive x axis of axes (x,y). Using Mohr’s circle of strain, show that 2eyy =
Vxy = 26, — €, — €.
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3.1

LINEAR
STRESS-STRAIN-
TEMPERATURE
RELATIONS

In Chapter 2, we presented separate theories for stress and strain. These theories
are based on the concept of a general continuum. Consequently, these theories are
applicable to all continua. In particular, the theory of stress is based solely on the
concept of force and the associated concept of force per unit area. Similarly, the
theory of strain is based on geometrical concepts of infinitesimal line extensions
and rotations between two infinitesimal lines. However, to relate the stress at a
point in a material to the corresponding strain at that point, material properties
are required. These properties enter into the stress-strain-temperature relations as
material coefficients. The theoretical basis for these relations is the first law of
thermodynamics.

In this chapter, we employ the first law of thermodynamics to derive linear
stress-strain-temperature relations. In addition, certain concepts, such as comple-
mentary strain energy, that have application to nonlinear problems are introduced.
These relations and concepts are utilized in many applications presented in subse-
quent chapters of this book.

FIRST LAW OF THERMODYNAMICS.
INTERNAL-ENERGY DENSITY. COMPLEMENTARY
INTERNAL-ENERGY DENSITY

The derivation of load-stress and load-deflection relations requires stress-strain
relations that relate the components of the strain tensor to components of the
stress tensor. The form of these relations depends on material behavior. In this
book, we treat mainly materials that are isotropic, that is, at any point they have
the same properties in all directions. Stress-strain relations for linearly elastic iso-
tropic materials are well known and are presented in Sec. 3.4. Stress-strain rela-
tions may be treated theoretically by the use of the first law of thermodynamics, a
precise statement of the law of conservation of energy. It is noted that the total
amount of internal energy in a system is generally indeterminate. Hence, only
changes of internal energy are measurable. These changes are determined by the



