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(a) Show that if A and B are symmetric, then AB is not symmetric unless A and B commute.

(b)

[f A and B are symmetric, then A = AT and B = BT. We now examine

(AB)" = BTAT = BA

3

after using the fact that A and B are syminetric matrices. We conclude that (AB)T = AB
if and only if AB = BA. iThat is, AB is not symmetric unless A and B Ccmmute‘.]

Show that a product of orthogonal matrices is orthogonal.

|

Consider orthogonal matrices Q1 and Q2. By deﬁnitiion [cf. the table at the top of p. 138 of
Boas], we have Q7' = QT and Qs = er We now compute

(@i1Q2)™' = Q5'Q7 " = QTQT = (Q10y)” (4)

after using the fact that Q; and Q4 are orthogonal. In deriving Eq. (4), we have used the
following properties of the inverse and the transpose

(.:43)_1 - 13—.1.A-}_ , dnd (A])"),i _ I},I,A:l.‘ )

for any pair of matrices A and B. Thus, we have shown that
(Q1Q2)™" = (Q1Q2)", which implies that Q2 is orthogonal.

Show that if A and B are Hermitian, then AB is not Hermitian unless 4 and B commute.

If A and B are Hermitian, then A = AT and B = Bf, We now examine

(AB)' = BfAl = pa, (5)

after using the fact that A and B are Hermitian matrices. In deriving Eq. (5), we have used

the fact that: o _
(AB)' = (AB)")T = (4* BT = (B")T (A")T = Bt Al | (6)

We conclude that | (AB)T = AB if and only if AB = BA That is, AB is not Hermitian un-
less A and B commute. ‘

Show that a product of unitary matrices is unitary.

Consider unitary matrices Uy and U,. By definitioni [cf. the table at the top of p. 138 of
Boas], we have U ! = 'j and U;! = U], We now compute

I

(W)™ = U U = UU = (UhU)1

after using the fact that U; and Uy are unitary and enilploying the property of the Hermitian
conjugation given in Eq. (6). Thus, we have shown that | (Uy Us)™! = (U1 U)1, | which implies
that U1U; is orthogonal. L :
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