CH 5: Failures Resulting from Static Loading

A static load is a stationary (constant magnitude, location and direction) force or

couple (moment or torque) applied to a member.

Failure in machine design means that a part become permanently distorted (i.e.
yielded) thus its function is compromised. Therefore, the failure strength we refer to is
the yield strength (or if the material does not yield such as some brittle materials

failure will mean fracture “ultimate strength”).

e When a material is subjected to uniaxial stress, it will fail when the stress

reaches the failure strength.

- What about if it is subjected to biaxial or triaxial stress, when would it fail?

- Is there a difference in the failure mechanisms of ductile and brittle materials?

- Should stress concentrations be considered?

Static Strength

When designing a machine element, the best way to determine its strength is to test
the part under exactly the same loading conditions the part will experience in service.

(of course many tests are needed to account for variability). However, performing such
testing is very costly and cannot be justified unless the part is used for a critical
application or if the part is produced in large quantities.

Thus, in most cases it is necessary to design using the published material properties

(vield strength, ultimate strength, percentage elongation, etc.) which are obtained
from testing under uniaxial stress.

How to deal with 2D and 3D states of stress? Use failure theories

Stress concentration

As seen previously in chapter 3, stress concentration is a highly localized effect.

Would stress concentrations cause failure of a part?
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e If the material is ductile (and the load is static),the design load might cause local
yielding in locations having high stress concentrations and the stress is
redistributed in the surrounding area thus the load can be carried without
causing failure of the part. Thus, for ductile materials, stress concentrations are

not considered (K; = 1).

e Brittle materials, in general, do not yield before fracture thus with the presence
of stress concentration, the stress will continue to increase until it cause failure
of the part. Therefore, for brittle materials stress concentrations must be

considered.

= An exception to this rule for brittle materials is for materials containing micro
discontinuities (bubbles, graphite flakes, etc.) such as cast iron where those

act as cracks thus causing higher stress concentrations than those caused by
holes or filets. Therefore, stress concentrations should not be considered for

materials such as cast iron.

Failure Theories (Failure Criteria)

Failure theories are used to predict if failure would occur under any given state of

stress.
e There are several failure theories that are used in practice.

e Because brittle and ductile materials have different failure mechanisms, different

failure theories are used for each.

» For ductile materials (yield criteria):

=  Maximum Shear Stress (MSS) - also known as “Tresca” Criteria.
= Distortion Energy (DE) - also known as “Von Mises” Criteria.
= Ductile Coulomb-Mohr (DCM).

» For brittle materials (fracture criteria):
= Maximum Normal Stress (MNS).
= Brittle Coulomb-Mohr (BCM) and its modifications.
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Maximum Shear Stress Theory (for Ductile Materials)

The MSS theory came from the observation that for ductile materials during tension
test, the slip lines (which occur after yielding) and fracture surfaces occur at 45 angle,

which is the angle of the maximum shear stress.

e The MSS theory predicts that yielding occurs when the maximum shear stress (for
any given state of stress) is equal to or larger than the shear stress at yielding in a
tension-test specimen of the same material. p

.__9

= During tension test the stress is 0 = P/A and the maximum shear stress

occurs at 45 angle and it is equal to 7,,,, = 0/2 and at yielding the
maximum shear stress is:

‘?&{}q

S
Yy
Tmax = =

£

= For a general state of stress, the principal stresses are ordered such that Ve
01 = 0, = 03, and thus the maximum shear stress is: i«
Tmax = (0-1 - 03)/2 P

® Thus, according to the MSS theory, yielding occurs when:

01 — O3 Sy
> Tmax=TZ7 or o, —03 =5,

e For plane stress condition (one of the principal stresses is zero) three cases can
be considered:

= Casel: o4 = o = 0,thus gy =04 & 03 = 0and yielding occurs when

" Case2: o4 = 0 = oy, thus 04 = 04 & 03 = g and yielding occurs when

" Case3: 0> o4 = o0p,thus g4 =0 & 03 = g andyielding occurs when

Shigley’s Mechanical Engineering Design, 10" Ed. Class Notes by: Dr. Ala Hijazi

CH5 (R1) Page 3 of 10



Obtained from the
same three cases

whenog = gy

/4 -5,
Case 3

Distortion Energy Theory (for Ductile Materials)

Failure (yielding)

Case |

~
\ Pure shear: according to MSS theory

Sys = 0.5 Sy
(conservative)

The DE theory originated from the observation that ductile materials subjected to
hydrostatic stress (o; = g, = ag3) can withstand stress much higher than the yield
strength value obtained from tensile test, without yielding. This led to the conclusion

that yielding is related to the angular distortion.

e The DE theory predicts that yielding occurs when the distortion strain energy (per

unit volume) reaches or exceeds the distortion strain energy (per unit volume) for

yielding in simple tension test specimen of the same material.

= To develop the theory, consider an o
z

element subjected to triaxial state of '

Ay
stress (o7 > 0, > 03), the state of E
stress can be divided into hydrostatic 9
and distortion components where,

B B o, + 0, + 03 ) Triaxial stress
Oy = JAvg - 3 ( )

- The strain energy (per unit volume)
for the element subjected to triaxial stress is:

U= 5(610_1 + €,0, + 6303)
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Hydrostatic 4 Distortion
component component

(pure volume  (pure distortion)
change}) "no volume change"
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- Using the generalized Hook's law for triaxial state of stress we can write:

Total strain energy 1

of the triaxial state U= 2 [01% + 0,° + 03 — 2v(01,0; + 0,03 + 0304)] (2)

of stress

- The strain energy due to the hydrostatic stress components (producing pure
volume change) is obtained by substituting oy for 04, 05, g3 in equation (2):

Strain energy of the 30.H2
hydrostatic stress Uy = °F (1—-2v) 3)
component

- Substituting equation (1) in equation (3) we get:
I = 1-2v

Y7 6E
- Thus, the distortion strain energy is obtained by subtracting equation (4) from

(0,2 + 0,2 + 032 + 20,0, + 20,05 + 20301 ] (4)

equation (2):

1+ v[(oy —03)* + (05 — 03)* + (03 — 01)?
3E 2

Ug=U—-Uy= ()

» Note that the distortion energy will be zero if ( 0, = 0, = 03)

* For asimple tensile test, at yielding: 0, = S, & 0, = 03 = 0. Thus, from

equation (5) the distortion energy is:

Distortion energy 1+v
at yielding during Ud = 3E Syz (6)
tensile test

* Thus, according to DE theory, yielding occurs when Equation (5) 2 equation (6),

which gives:
The DE theory 5 5 5
(01 — 03)* + (0, — 03)* + (05 — 0y)
> S
2 =Yy
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> The left-hand-term is known as the Von Mises stress (o) which is an
equivalent, or effective stress representation for any general state of

stress.

Von Mises stress

I —

(01 — 03)%* + (0, — 03)* + (05 — 01)?

2

= Thus, the DE theory can be written as:

!
O'ZSy

e For plane stress (principal stresses g4 & g3 ), the Von Mises stress reduces to:

Plane Stress

o' =./0,% — 0,05 + 052

» This equation describes a rotated ellipse in the a4, 05 plane:

rr"

MSS is more
conservative
than DE theory

DE

Failure (yielding)
MSS

”l

3D Hystiostat c

— thress Linl
& ==

e A

eyl : \ DE

outiide: Falure
(Velding )

Pure shear: according to DE theory
Sys = 0.577 S, (More accurate)

e For any general state of stress, in x, y & z components, Von Mises stress can be

found as:

—053)2+6(Tyy? +Ty ;2 +T55?)

This equation is the most general :

- 3D:

o' = \/(Ux—ay)z‘*‘(ay_%)z"'(az

2

|
to give the other three equations. |

|
|
| equation and it can be simplified !
|
|

- Plane Stress:

o' = /0,2 — 0,0, + 0,2 4 37,2

See Example 5-1 from text
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Coulomb-Mohr Theory (for Ductile Materials)

The MSS & DE theories assume the tensile and compressive yield strength to be equal.

However, some materials have compressive strength larger than tensile strength. The

Mohr & Coulomb-Mohr theories are applicable for such materials.

e The Mohr & Coulomb-Mohr theories predict that failure will occur when the

Mohr's circle (for any state of stress) “touches” a failure envelope (curve or line)
which is defined by Mohr's circle for simple tension, shear and compression
tests.

Mohr's theory: the failure envelope is T

obtained using Mohr's circles for three
simple tension, shear and compression
tests.

The failure envelope can be a
straight-line or any other type of

curve.

. tengle teok
It is a graphical method. G mPrEg| on test

Fure 5héav tgcf

Coulomb-Mohr theory: it assumes the failure envelope to be a straight line, thus

shear test is not needed (only tension and compression tests).

Coulomb-Mohr . Syc: Compressive  yield

failure line strength

Using similar triangles we can o
Sy¢: Tensile yield strength

obtain the failure condition to be: >
/
01 03 -Sw,’
- 2 1 (1) - " a
Syt Syc ;
\

Tension test

For plane stress (and o, = o0g )
three cases can be observed:

Compression test i
A given state of

stress at failure
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= Casel: 04 = o = 0,thus 0, =04 & 05 =0 = |04 = S);

g g,
= Case2: 0, > 0 > o0p,thus 0, =0, & 03 =05 > |[Z2-2L2>1

= Case3: 0= 04 = o, thus 0, =0 & 03 =05 = |0g < =S,

e For pure shear (t = 0, = —o3 ) from equation St
(1), the shear yield strength can be found to be:

o

Shear yield strength SytSyc

=5 v s, SAFE

e Note that when the compressive and tensile

strengths are equal (S, = Sy =5, ), the
Coulomb-Mohr theory turns to be the MSS I_Su
theory.

Failure Theories for Brittle Materials

Brittle materials are classified such that € < 0.05 and they usually do not have
identifiable yield strength. Thus, they are usually classified by the ultimate tensile (S,¢)

and ultimate compressive (S,,.) strengths, which are used to define failure. It is typical

for brittle materials to have the compressive strength larger than the tensile strength.

Maximum Normal Stress Theory (for Brittle Materials)

The MINS theory predicts that failure will occur when any of the three principal stresses

equals or exceeds the ultimate strength obtained from tensile or compressive test.

e For general state of stress (o, = 0, = g3 ), according to MNS theory ,failure
occurs whenever:

(oF} = Sut or O3 < _Suc
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For plane stress (o4& o3):

vV

Op

IA

Op

>
>

or

O-B S _Suc

O-A S _Suc

or

[

Th

SAl

FE

Coulomb-Mohr Theory and Modifications (for Brittle Materials)

The same Coulomb-Mohr theory used for ductile materials is also used for brittle

materials but instead of using the yield strength, the ultimate strength is used to
define failure.

Brittle-Coulomb-Mohr: (Plane Stress) 0,& oy

Failure occurs when:

Modified | - Mohr:

Failure occurs when:

Linear relation

\
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" oy = Syt
n [ZA_9B 51
Sut S'U,C
" |log < =S,
04 = Syt
(Suc—Sut)oa __ 9B > 1
S‘U,C Sut SILC -
0 < —Suc

for o4 =05 =0
for o4 =20 = op
for 0= o0, = op
for g4 = 05 =2 0
or
op =0 = o0 and
for o4, =2 0 = oz and
for 0= 04 = op

;]

OB

IA

oA

A
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e Modified Il - Mohr:
Failure occurs when:

" oy = Syt for (o4 = 05 =2 0
or
(o)
bolic rel op = 0 > o and J—BS1
Parabolic relation A
\ o og+ S 2 o
. —A+(u) >1| for o04=0 2= 05 and |Z[>1
Sut Sut—Suc g4
" logp < —Syuc for 0= 04 = o3
-
Max. Normal _ ol
» Mod Il - Mohr is the most accurate r

for loading in the fourth quadrant.

Coulomb - Mohr

MadlI - }.fﬂj‘lﬁ‘\.,;_
Mod IT - Mohr

Q@ Gray cast-iron data
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