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Linear Momentum

Definition of momentum:

3 Momentum is a vector quantity: it has (mv) and
(the same as velocity vector)
e Momentum of a car driving North at Is different
from momentum of the same car driving East at the same
speed

o Ball thrown by a major-league pitcher has greater
magnitude of momentum than the same ball thrown by a
child because the speed Is greater

a Units of momentum (S1): mass x speed, kg-m/s
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Linear Momentum and Kinetic Energy

The kinetic energy and magnitude of momentum of an object are:

K = Zmy?————— 1)
2
p=my——————- (2)
Multiply and divide the RHS of equation (1) by m to get
K = may? - ©
2m

p2 — m2V2 _______ (4)
Substitute equation (4) into (3) to get
2
K=2p— ————— (5) or= p=+2mK
m
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Linear Momentum

Given the mass and speed of objects A and B as shown
In table and figure, find the magnitude of the momentum

and the kinetic energy for each object. 6.0 m/s
A

Mass Speed 2.0 kg

ObjectA 2.0 kg 6.0 m/s
ObjectB 6.0 kg 2.0 m/s

p,=m,v, =(2.0kg)(6.0m/s)=12kg-m/s

K, :%mAvAz =%(2.Okg)(6.0m/s)2 _36J

P =MgVy =(6.0kg)(2.0m/s) =12kg-m/s

Ky = %vaBz =%(6.Okg)(2.0m/5)2 =12]
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An object has a kinetic energy of and a momentum of
magnitude . Find the speed and mass of the object.

Use the equation that relates kinetic energy to momentum, namely:
2

K= P
2m

Substitute K = 275J and p = 25 kg. m/s to get

o757 _ (25kgm/s)® = m=1136kg
2m

Substitute m into momentum equation p=mv

25kg.m/s =(1.136kg)v —=v=22m/s
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2 We will once again re-express Newton’s 2" law in terms of
momentum.

= _ma .5V d. o . Nvg_db
ZF—ma ,a_a => F= mdt dt(m) .,ZF_dt

e The of a particle of mass m moving
with velocity v is a vector quantity defined as the product of
particle's mass and velocity: P =MV

e Newton’s 2" |aw is re-defined as the rate of change of
momentum.

e Components of momentum:

p: p,=mv, p,=mv, p,=mv

X Z
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. (An |solated System)

Internal forces: the forces that the particles of the system exert on
each other (for any system)

Forces exerted on any part of the system by some object outside it called
external forces

For the system of two astronauts, the internal forces are Fg,,4, €Xerted
by particle B on particle A, and E,,,g, €Xxerted by particle A on particle B

There are NO external forces: we have isolated system

*_df)Alf_dﬁ* -

BonA — dt AonB — dt AonB — _FBonA

= = _dﬁA+df>B _

|:AonB + F _ d(pA i pB) — O i 1

Tt dt dt x B

Fli A

e Total momentum of two particles is the vector Prot = Pa T Pg
sum of the momenta of individual particles

e If system consist of any I_jTot — p’A + er 4+ = mA\—/’A 4+ vaB +

number of particles A, B, ...
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Conservation .« Momentum

Concept of momentum is particularly important in situations when
you have two or more interacting bodies

Consider idealized system of two particles: two astronauts floating
in the zero-gravity environment

e Astronauts touch each other (each particle exerts force on another)
e Newton’s 3" law: these forces are and

o Hence, impulses that act on two particles are and
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Conservation of »;.) Momentum

The time rate of change of the total
momentum is zero. Hence the total
momentum of the system is
constant, even though the individual
momenta of the particles that make
up the system can change.

— q dp’
Frong T Faona =—— =
AonB BonA dt " "
If there are external forces acting im—— - S S —
on the system, they must be Fgona Fiong

included into equation above along
with internal forces.

Then the total momentum is not
constant in general. But if vector
sum of external forces is zero, these
forces do not contribute to the sum,
and d_p:()

dt
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Conservation of /»ix) Momentum

Principle of conservation of momentum:

e If the vector sum of the external forces on a system is zero, the
total momentum of the system is constant

e This principle does not depend on the detailed nature of internal
forces that act between members of the system: we can apply it
even if we know very little about the internal forces.

e The principle acts only in internal frame of reference (because we used
Newton’s 2" |aw to derive it!)

CAUTION Vector sum'!

IN@CT P=p,+pg=42Kkg-m/s

Pa ®_>

= 18 kg - m/s P=|p,+ pyl
= 24 kg - m/s =30 kg - m/s at @ = 37°
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Conservation of /»ix) Momentum

Conceptual problem: Is the total momentum conserved for the
following cases:

Two balls collide on the billiard table that is free of friction.

(a) Is the total momentum of the two ball system the same before and after the
collision?

(b) Answer (a) for a system that contains only one ball.

Answer:

(a) The total momentum is conserved

(b) The total momentum of one ball is NOT conserved

W,
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Conservation o 1.i:) Momentum
Problem-Solving Strategy

IDENTIFY the relevant concepts:

« Before applying conservation of momentum to a problem,
you must first decide whether momentum is conserved!

« This will be true only if the of the external forces
acting on the system of particles is zero.

« If this is not the case, you can’t use conservation of
momentum.
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Conservation ot 1»:x) Momentum
Problem-Solving Strategy

SET UP the problem using the following steps:

1. Define a coordinate system. Make a sketch showing the coordinate
axes, including the positive direction for each. Make sure you are
using an inertial frame of reference. Most of the problems in this
course deal with two-dimensional situations, in which the vectors
have only x- and y-components; all of the following statements can
be generalized to include z-components when necessary.

2. Treat each body as a particle. Draw “before” and “after” sketches,
and include vectors on each to represent all known velocities. Label
the vectors with magnitudes, angles, components, or whatever
information is given, and give each unknown magnitude, angle, or
component an algebraic symbol. You may use the unprimed and primed
letters for velocities before and after interaction, respectively.

3. As always, identify the target variable(s) from among the unknowns.
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Conservation of v Momentum

Problem-Solving Strategy
EXECUTE the solution as follows:

1. Write equation in terms of symbols equating the total X-component
of momentum (before the interaction) to the total final x-component of
momentum (after), using p,=mv, for each particle.

2. Write another equation for y-components, using p,=mv, for each particle.

B Remember that the x- and y-components of velocity or momentum are never
added together in the same equation!

B Even when all the velocities lie along a line (such as the x-axis), components of
velocity along this line can be positive or negative; be careful with signs!

3. Solve these equations to determine whatever results are required. In some
problems you will have to convert from the x- and y-components of a

velocity to its magnitude and direction, or the reverse.

4. In some problems, energy considerations give additional relationships
among the various velocities.
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Conservation of 1.;:x) Momentum
Problem-Solving Strategy

EVALUATE your answer:
« Does your answer make physical sense?

« If your target variable is a certain body’s momentum,
check that the direction of the momentum is reasonable.
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=Idelell=]aa W A 2-kg gun fires a bullet of mass 0.025kg at a velocity of 300m/s as

shown. What is the recoil velocity of the gun?

Note: v, and v,

P.=0
Pe=mgvg+mgVy,
gun bullet
My
P.=P: Vg= -V;p
mg
0.025
V= -(300) ( )
(2)
are in opposite directions Vg= _3-75m/5
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Conservation ot 1»ix) Momentum

Two blocks of masses m and 3m are placed on a frictionless, horizontal
surface. A light spring is attached to the more massive block, and the
blocks are pushed together with the spring between them. A cord
Initially holding the blocks together is burned: after that happens, the
block of mass 3m moves to the right with a speed of 2 m/s. (a) What is
the velocity of the block of mass m? (b) Find the system original elastic
potential energy taking m = 0.35 kg. (c) Is the original energy in the
spring or in the cord? (d) Explain your answer in part (c)

D —)

V- 4 y o A
m m

Before After

Vig=? V,,=2 m/s
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Conservation of /»ix) Momentum

(a) What is the velocity of the block of mass m? =

('_jl + pz)Before — (I_jl T EZ)After

Before
\/ \/ — \/ \/ =" —
(MV; + M,V ) gesore = (MVy + M,V ey V' @ V=2 M/S
Conservation of linear momentum in 1-D: -
m

(mlvl + m2V2)Before — (mlvl + m2V2)After

m; =m, m, =3m, Vi, =Vx=0, After
V,,=2 m/s, Vi, =?

(O + O) Before — (mvla + 3m(2m / S)) After — Vla — _6m / S
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of

(b) Find the system original elastic potential energy taking m = 0.35 kg.
1
Kot = E (m1V12 + m2v22)
m; =m, m, =3m, V,,=2 m/s Vy, =-6m/s

KTot — % (mvfa + 3mv22a)

=1(0.35kg)[(6m/s)* +(3)(2m/s)*]1 =8.4]
U e = Ko, =8.4J

(c) Is the original energy in the spring or in the cord? It is the
potential energy stored in the spring

Elastic

(d) Explain your answer in part (c). This is because the spring was
compressed before the release of two masses
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Conservation .« Momentum

A 60-kg archer stands at rest on frictionless ice and fires a
0.5 kg arrow horizontally at 50m/s with what velocity does

the archer move across the ice after firing arrow?

=V 0

arrow archer —
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Conservation .« Momentum

A 60-kg archer stands at rest on frictionless ice and fires a
0.5 kg arrow horizontally at 50m/s with what velocity does

the archer move across the ice after firing arrow?

v’ =50m/s

/ —
Vv archer =?
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Conservation .« Momentum

A 60-kg archer stands at rest on frictionless ice and fires a
0.5 kg arrow horizontally at 50m/s with what velocity does
the archer move across the ice after firing arrow?

V1 V1 w4 wii
(MV; +m,V,) = (MVy +m,V,)
P R A A

archer — *
m, =60 kg m, = 0.5 kg
0 = (60kg)V; + (0.5kg)(50im/ s)

) — / J—
Vv 1~ Vv archer =7
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0 In our discussion of work and energy we re-expressed Newton's
Second Law in an integral form called Work-Energy Theorem
(Wyet = AK) which states that the total work done on a particle
equals the change in the kinetic energy of the particle.

dW,,, = F dx
dv,
From Newton’s 2nd [aw F.=ma, orF=m "
dv
Thus dW,,=m r % dx
t dx

The variable x can be changed tov, where Vi = gt

dw,, =mv,dv, Integrate both sides :>j AWy, = mL ff v, av,

1
W __m(Vif _Vii) =W, =K; =K, =AK

* TV Net 2 ,
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2 Newton’s 2" law in terms of momentum shows that

Rapid change In momentum requires a
In momentum requires less net force

a This principle is used in the design of safety air bags in cars

The driver of fast-moving car has a large momentum (the
product of the driver’s mass and velocity).

If car stops suddenly in a collision, driver’s momentum
becomes zero due to collision with car parts (steering wheel and
windshield)

Air bag causes the driver to lose momentum more gradually
than would abrupt collision with the steering wheel, reducing
the force exerted on the driver (and the possibility for injury)

a Same principle applies to the padding used to package fragile
objects for shipping
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Nonisolated System:(Momentum and Impulse)

2 Consider a particle acted on by a constant net force > F during a
time interval At from t; to t.. The impulse of the net force j Is
defined to be the product of the net force and the time interval:

J=>F(t, —t;)=> FAt For constant net force

0 Impulse is a vector quantity.

e Its direction is the same as the net force

o Its magnitude is the product of the magnitude of the net
force and the length of time the net force acts

O Units of impulse (SI): force x time, N-s

o 1N=1kgm/s? - N-s=kg-m/s (same as momentum)
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Impulse-Momentum Theorem

—

: dp .
Q If the net force Is constant, then - Is also constant and equals
to the total change in momentum during the time interval t, - t,,
divided by this time interval:

- ~dp_ P B . L
ZF_ConSt_ dt t, —t ZF(tf —-t)=Dp; — B,

J= P: —P; =AP (Impulse — Momentum Theorem)

< Impulse — Momentum Theorem: The change in momentum of
a particle during a time interval equals the impulse of the net
force that acts on the particle during that interval.
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Impulse-Momentum Theorem

2 We will once again re-express Newton’s 2% law in an integral form.
However, In this case the independent variable will be time rather
than position as was the case for the Work-Energy Theorem.

° also holds when forces are NOT
constant. To see this, lets integrate both sides of Newton’s 279 [aw

J = IZ Fdt (General definition of impulse)
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Impulse-Momentum Theorem

e We can define an average net force Y F such that even when)_F is NOT
constant, the impulse J is given by

J=F (t, -t TF
av( 2 1) “The force on soccer ball that in

contact with player’s foot from time
t,tot,

e The impulse can be interpreted as the "area"
under the graph of F(t) versus t. The x- o
component of impulse of the net force XZF, Fav)s

between t; and t, equals the area under XZF, -t

curve, which also equals the area under
rectangle with height (F,,), g 2

Kk—1 — 1, —>
t

‘]x — jz det = (Fav)x(tz _tl) = Py = Pr = MVy, — MV,
4

1y

t
‘]y — jz |:yd.t — (Fav)y(tZ _tl) — p2y o ply — mVZy —Mmv.
4
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Problem The magnitude of the net force exerted in the x direction
on a 2.5-kg particle varies in time as shown in the figure.

Find (a) the impulse of the force over the 5-s time interval,
(b) the final velocity the particle attains if it is originally at
rest, (c ) its final velocity if its original velocity is-2im/s,
and (d) the average force exerted on the particle for the
time interval between 0 and 5 s.

(@) J= jZth—(Fav)(t ~t,) F (N)

Bt it e i e e B

J —Area under the curve fromt; to t, 5 ._____________h_______
J=0.5(5+1)s)(@N)= 12 N. s due €ast 4 - oo mzmmcmmoio-
(0) 3= Po— Py =y, [T e
12N.s = (2.5kg)(v,, —0) AL N
V,, =4.8m/s  due east . N
1 2
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Problem The magnitude of the net force exerted in the x direction
on a 2.5-kg particle varies in time as shown in the figure.

Find (a) the impulse of the force over the 5-s time interval,
(b) the final velocity the particle attains if it is originally at
rest, (c ) its final velocity if its original velocity is-2im/s,
and (d) the average force exerted on the particle for the
time interval between 0 and 5 s.

(C) ‘Jx = Pox = Pox = MV, —MVy,
12N.s = (2.5kg)(v,, —(-2m/s))

V,, =2.8M/S  due east

d) J=F  At=mv, —mv,

avg

12Ns=F, (59)

avg

F =2.4N dueeast

Xavg

—— ke

S e ) el et e il e el

L

:é — — —
3 4, B Rasfta@@adran



An estimated force-time curve for a baseball struck by a
=5 bat Is shown in the figure. From this curve, determine (a)
” the magnitude of the impulse delivered to the ball and (b)

the average force exerted to the ball.

F (kN) F_ =18kN
- S et sl atay AC R et ot
‘ 15F--r=-r-- oo
(@) J=[> Fdt=(F,)-t)
J = Area under the curve fromt; to t, 5___E___?+_._§___'___@__E___g___:
J = (18kN)(2.5 ms -1 ms)= 13.5N. s 0 T .
% 2y, 3 t (ms)
(b) Fa =Y/At= (13.5 N. s)/(1.5ms) =9 kN %
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=D CIE =N A baseball (m = 0.14kg) has initial velocity of v,= - 38m/s as it

approaches a bat. The bat applies an average force F,,, that is
much larger than the weight of the ball, and the ball departs
from the bat with a final velocity of v, = + 58ml/s.

(a) Determine the impulse applied to the ball by the bat.

(b) Assuming time of contact is At =1.6 x103s, find the average
force exerted on the ball by the bat.

@ J=mv, —my,

= (0.14kg)(58m/s) —(0.14kg)(—38m/s)
~J=+13.4 kg.m/s

J 13.4kg.m/s

b F =" = = +8400N
(b) At 1.6x1073%s

_':'_,_“_,__._l-_——-—'P"
Note: Both the impulse applied to the ball and the

average force are directed to the east
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Impulse-Momentum Theory

An 3-kg ball strikes a wall with a speed of 10 m/s at an
angle of 8 = 60° with the surface. It bounces off with the

same speed and angle. If the ball is in contact with the wall
for 0.2 s, what is the average force exerted by the wall on
the ball?

6 = 60°
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Impulse-Momentum Theory

An 3-kg ball strikes a wall with a speed of 10 m/s at an
angle of 8 = 60° with the surface. It bounces off with the

same speed and angle. If the ball is in contact with the wall
for 0.2 s, what is the average force exerted by the wall on
the ball?

6 = 60°

6 = 60°
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Impulse-Momentum Theory

An 3-kg ball strikes a wall with a speed of 10 m/s at an
angle of 8 = 60° with the surface. It bounces off with the

same speed and angle. If the ball is in contact with the wall
for 0.2 s, what is the average force exerted by the wall on
the ball?

V. 9=609

6 = 60°
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An 3-kg ball strikes a wall with a speed of 10 m/s at an
angle of 8 = 60° with the surface. It bounces off with the

same speed and angle. If the ball is in contact with the wall
for 0.2 s, what is the average force exerted by the wall on

the ball? y
J =mv, —my, J=F, At
F At =mv, —my,
— o V —
V, =V, 1+ lyJ—v cosé +V, sin 4 \‘9 60§
V, =V, I +V,, ] ==V, cosdh +V, sin &)
v, -V, = (-, cos6f+v2 sin &) — (v, cosé +v, sin4) @
SV, =V, =V 0= 608
-.m(V, —V,) = m[(—vcosd +vsin ) — (vcosé +vsin §)] = -2mvcosa
. . - —2mvcosé
Fangt = —2mV COS& or I:avg - At
- _ —2(3kg)(10m/s)cos60 .
v=10mis, 0= 60° At =025 = Fuy= o TSI gsoin
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e Collision is any strong interaction between bodies that lasts a
relatively short time

Car’s collision

Balls colliding on a pool table

Neutrons hitting nuclei in reactor core

Bowling ball striking pins

e If the forces between the bodies are much larger than any external
forces, we can neglect the external forces entirely and treat the
bodies as isolated system

e Since a collision constitutes an isolated system (where the net
external force is zero), the momentum of the system is
conserved (the same before and after the collision)

e Collision types: inelastic and elastic collisions
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Collisions
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Inelastic Collisions

In any collision in which external forces can be neglected,
momentum is conserved and the total momentum before equals
the total momentum after

Collisions are classified according to how much energy is "lost"
during the collision

Inelastic Collisions - there is a loss of kinetic energy due to the
collision

eAutomobile collision is inelastic: the structure of the car absorbs as
much of the energy of collision as possible. This absorbed energy
cannot be recovered, since it goes into a permanent deformation of

the car
Completely Inelastic Collisions - the loss of kinetic energy is the
maximum possible. The objects after the collision.
Elastic collisions - the of the system is conserved
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Perfectly Inelastic Collision

Completely (or perfectly) inelastic collision:

> Glider A and glider B approach each
other on a frictionless surface

»  Each glider has a putty on the end, so
gliders stick together after collision

Copyright © 2004 Pearson Education, Inc., publishing as Addison Wesley,

By Prof. Rashad Badran



Perfectly Inelastic Collision

A 10-g bullet is fired Iinto a stationary block of wood
having mass m = 5 kg. The bullet imbeds into the block.

The speed of the bullet-plus-wood combination
Immediately after the collision is 0.6 m/s. What was the
original speed of the bullet?

— -0 Vbullet+b|ock =V =0.6 m/s
Vblock = Vox =

—
Vbullet — le :?
-
Myunet =10 9= 0.01kg Maiock =5 kY Mputtet+biock =2-01 Kg
Before Collision After Collision
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Perfectly Inelastic Collision

Before Collision After Collision

M Vi, +MyV,, = MV, +MyVy,
Vi, = Vo =V,
myV,, +m,V,, = (m +m,)V,
Mounet Voutiet T Mptock Voroek = (My + M, )V,

Mpuec = 0-01kg My =5 KQ Mouitet+brock =9-01 kg

J— —_— — /) —
Voutet = Vax =7 Viutetrplock =V % =0.6 m/s

Vplock = Vox = 0

o

(0.02kg)V, e +0 = (5.01kg)(0.6m/ s)

Vo o =300.6m/s
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Perfectly Inelastic Collision

A 12-g wad of sticky clay is hurled horizontally at 100-g
wooden block initially at rest on a horizontal surface

(frictionless before impact). The clay sticks to the block.
After impact, the block slides 7.5 m before coming to rest.
If the coefficient of friction between the block and the
surface is 0.65, what was the speed of the clay immediately
before impact?

Velay = Vix =? Votook = Vax = 0 Vclay+block =V’=7?
| —
m =100 g =0.1kg 3
block g g 3 d=75 V=0

T

Mgy =129= 0.012kg f=p, Fy Meiaysbiock =0-112 kg

Before Collision | After Collision
| By Prof. Rashad Badran




Perfectly Inelastic Collision

! !
myVv, + M V2x =MV, + m2V2x

V1’x 2x _V’
mclayvclay + mblockvblock — (mclay + mblock )Vx’
Vblock = O’ clay
(0.012kg)V,y,, +0 = (0.112kg)V, ————(2)
Vclay - VlX =7? Vb|OCk - V2X =0 : Vclay+b|ock =V’'=?
| —
My =100 g = 0.1kg |
block 9 g 5 4=75 V=0
I ———
clay _129 0. 012kg fki;p'k |:N |Vlclay+block %0'112 kg

Before Collision | After Collision
| A, Prof _Rashad Badran




Perfectly Inelastic Collision

W, = AK , 2
. — V' =./2(0.65)(9.8m/s?)(7.5m)
- fd = 5 Metayblock (Vf’Z V™) v =97Tm/s——— —(2)
—u FN d = l mCIa oo (O _V ,2) From equation (2) into equation (1):
2 yl (0.012kg)v,,, =(0.112kg)(9.77m/s)
— Hy mclay+block gd - E mclay+blockv &
:>V’ _ Zﬂkgd Vclay =91.2m/s
E =V /=7
Vclay = le =? Vblock = V2x =0 VMIVOCK v |

— My =100g=0.1kg d=7.5m—— V,'=0

e

Myjay =12g= 0.012kg =ty Fy Majaybiock =0-112 kg

Before Collision After Collision
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Perfectly Inelastic Collision

The ballistic pendulum consists of a block of wood (mass m, =
2.5kg) suspended by a wire of negligible mass. A bullet (mass m, =
0.01kg) is fired with a speed v,,. After collision, the block has a
speed v; and then swings to a maximum height of 0.65m above the

Initial position. Find the speed vy, of the bullet, assuming air
resistance is negligible.

(@
1 =
= M
™
L
A= 0650 m
P
o
v
my Wy e ————— ——— ——— —
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Perfectly Inelastic Collision

The ballistic pendulum consists of a block of wood (mass m, =
2.5kg) suspended by a wire of negligible mass. A bullet (mass m, =
0.01 kg) is fired with a speed v,,. After collision, the block has a
speed v; and then swings to a maximum height of 0.65 m above the
initial position. Find the speed vy, of the bullet, assuming air
resistance is negligible.

[ —_—
Just before Just after
collision collision
I:Lﬂ:'l H'I]_ ; 5
=& Mg
o1
)
hy=0.650 m
L Qe T ‘ y
- . - 1 = T A
"_I.'I‘I..- m;+ms MY+ e — —— —— ——— ——— —
- : =
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Perfectly Inelastic Collision

The ballistic pendulum consists of a block of wood(mass m, =
2.5kg)suspended by a wire of negligible mass. A bullet(mass m, =
0.01kg) is fired with a speed v,,. After collision, the block has a
speed v; and then swings to a maximum height of 0.65m above the
Initial position. Find the speed vy, of the bullet, assuming air
resistance is negligible.

Just before Just after Is conservation of energy valid?
collision collision _ _
No (completely inelastic)
() Is conservation of momentum valid?
Yes (no external forces —)
(m, +m,)v; = m\V,
Total momentum Total momentum
mw] , after collision before collision
—_— i + ! _ 1 2
0 M1+ Vor = Vs
- | ml
Vs
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Perfectly Inelastic Collision

The ballistic pendulum consists of a block of wood(mass m, =
2.5kg)suspended by a wire of negligible mass. A bullet(mass m, =
0.01kg) is fired with a speed v,,. After collision, the block has a
speed v; and then swings to a maximum height of 0.65m above the
Initial position. Find the speed vy, of the bullet, assuming air
resistance is negligible.

(&)

Applying conservation of energy

1
(ml + mz)ghf — E(ml + mz)Vf2

Total mechanical energy at top Total mechanical energy at o > .
of swing, all potential bottom of swing, all kinetic ‘5‘#"— A
m, +m

. _ 2 ~) ey
1"[]1_ — L )m'i-ghf ml+m2il—'_-_~}s_ _____________ -

+

l( Ao +2.50k
= (\ © )\/ (9.80m/ s%)(0.650m)
0100kg

V,, =+896m/s
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Perfectly Inelastic Collision
A 1500-kg car travelling east with a speed of 25 m/s
collides at an intersection with a 2500 kg truck travelling
north with a speed of 20 m/s. Find the direction and
magnitude of the velocity of the wreckage after the

collision, assuming the vehicles stick together after the
collision.

I

I

I

I V’/
I

I =

I o bv,

¢—————————
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Perfectly Inelastic Collision

mcar\_icar + mtruckvtruck — (mcar + mtruck )\7’
Mgy =1500Kg, My = 2500Kg, V., = 251, Vi =20

car truck

(1500)(251) + (2500)(20 J) = (4000)V'

V'=(9.3751)+12.5))m/s  V'=,/(9.375)2 +(12.5)> =15.6m/s

0 = tan‘l(lz—'S) =53.1°
9.375

|

|

|

I V’/
|

| -

l <

¢—————_——-——
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Perfectly Inelastic Collision

A 90-kg fullback running east with a speed of 5 m/s iIs
tackled by a 95-kg opponent running north with a speed of

3 m/s. (a) Explain why the successful tackle constitutes a
perfectly inelastic collision. (b) Calculate the velocity of
the players immediately after the tackle. (c) Determine the
mechanical energy that disappears as a result of the
collision. Account for the missing energy,
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tlastic Collision

Elastic collision:

e Glider A and glider B approach
each other on a frictionless
surface

e Each glider has a steel spring
bumper on the end to ensure an
elastic collision

(©)

Copyright © 2004 Pearson Education, Inc,, publishing as Addison Wesley,
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Elastic 1-D collision of two bodies A and B, B is at rest before collision

e Momentum of the system is conserved
e Kinetic energy of the system is conserved

BEFORE o L @ . R E O_’:_ o
A i
]
A "
o A
{a) (L]

MpV T Mg (O) = MuVaox + MgVgyy ——— (1)

1 1 1 1
> MAY fay + 5 Ms (0)° = > M AV oy + > MgVa,y ——(2)

2 2 2
MgVg,, =My (VAlx _VAZX) =My (VAlx _VAZX)(VAlx T Vaoy __(3)
From equation (1), one can have

MgVg,, = mA(VAlx _VAZX) ________ (4) B 5
Divide equations (3) by equation (4) to get =—f- Vaax = Varx T Vaox ————(5)
From equation (5) into equation (4) we can have

_ My — Mg
Mg (VAlx +VA2x) - mA(VAlx _VAZX) T (6) -> Vaox = m. +m Varx = ___(7)
From equation (7) into equation (5) one can have A °
2m
Vaoyx = Vax == ——— (8)
m, + Mg
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m, —mg 2m,
VAlX VBZx_
m, + Mg m, + Mg

VA2x _

Remarks on some Cases of Elastic collision

Suppose body A is a ping-pong ball, and body B is bowling ball

We expect A to bounce of after the collision with almost the same
speed but opposite direction, and speed of B will be much smaller

What if situation is reversed? Bowling ball hits ping-pong ball?

BEFORE Y. ) BEFORE £
@_ﬁ ) AFTER

(a) (b)

=0

AFTER Ui~ U

=0
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The case of equal masses

e Suppose masses of bodies A and B are equal
e Then m,=mg, and V,,,=0, Vg, =V,

A B B =,
O s
Uy =0

By Prof. Rashad Badran



m, —mg 2m,

A2X Alx B2x AlX
m, + Mg mA + mB
Relative Velocities Before and After Collision
Veox = Varx T Vaoy > Veox ~Vazx = Vaix
o Vg,,-V,,, is relative velocity of B to A the collision, and it is
negative of the velocity of B relative to A the collision

e In a straight-line elastic collision of two bodies, the relative
velocities before and after collision have the same
magnitude, but opposite sign

e General case (when velocity of B is not zero):

Veox ~Vaox = _(Vle _VAlx)
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A ball of mass m, = 0.25kg and velocity v,= sm/s
collides head-on with a ball of mass m, = 0.8kg that is
Initially at rest (vo, = 0). No external forces act on the
balls. If the collision in elastic, what are the velocities of
the balls after the collision?

|— - | — - +|

Befora

]
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A ball of mass m, = 0.25 kg and velocity vy, = 5 m/s
collides head-on with a ball of mass m,= 0.8 kg that is
Initially at rest (vo, = 0). No external forces act on the
balls. If the collision in elastic, what are the velocities of
the balls after the collision?

|—--l—|—l-r +|

MV + MV, =MV + 0---(1) Before
el
m
after collision before collision 1
o1
1 » 1 ;1 2
collision before collision After

MV, —M sz

Vi = - ———3) ‘_Q?ﬂ EB
1 ml
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1 (my, —myV, 1 1
—m, o — "'_sz? :_mlvg
2 m, 2~ 2 "
2,2 2,2 2
1 MVo +MyVe —2mmyv, Ve Jimmyvy 1o
— =MV,
2 m, 2 m, 2
2,2 2 _ *
M Vo, MV, . m; +m,m, V2 2mmyVo V- | |
2m1 2 2m1 f2 2m1 Before
y
m 2m.m
—= (ml +M, )V?Z = — Vo, Vs, =
2m, 2m
(m, +m, v, “ =2myv, v
2 1/%f, 190, " f, After

V, = 2m, Vv 4—@“ E)
f, — 0
oom+m,
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-
-

2m,
Substitute V¢, = Vo,
m, +m,
mv, =myv, —m 2m, Vv
1V — Vo, — 112 0
. . m+m, ™
2m
myv, =m]|1- 2 Vo,
m1 + m2
m, +m, —2m,
myV; =m Vo,
m, +m,
f, — 0,
B ml + m2 ]

|
O

a2 . rw ‘ > _ ®
AONIC GOIIISION

into MV =MV —myv,, ———(1)

|—--l— _....,.|_|

Before

|
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r

L P r\ HJHJr
AITIC SOIIISION

2m mo—m. |
We have Vi, = . Vo, V, = m, — M, V,
My + 1M, olm+m, |
m,=0.25 kg, m,=0.8 kg Vg =5m/s, vy,p=0
|—--l— _....,.|_|
0.25-0.8
V., = 5=-2.62m/s Before
+10.25+0.8 ny
Yol
v, = 2X02 55 a8mis
> 0.25+0.38 After
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A ball of mass m; = 1.5 kg attached to a string is released

with a speed of 5 m/s from the position shown at height h =
3 m above the horizontal. Another ball of mass m, = 10 kg,
Initially at rest, Is attached to another string. Assuming the
collision is elastic, (a) find the final velocities of the two
balls immediately after collision. (b) Calculate the

maximum heights to which m; and m, rise after the elastic
collision.

Answer: (a) vy = -2.83 m/s, Vi, = +2.73 m/s

(b) hy, = 0.409 m, h,=0.38 m 5o ke

A
0.300 m \
, 5.00 m/s

4.60 kg
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Two blocks are free to slide along the frictionless, wooden
track shown in the figure. The block of mass m, = 5 kg is
released from the position shown at height h = 5 m above
the flat part of the track. Protruding from its front end is
the north pole of a strong magnet which repels the north
pole of an identical magnet embedded in the back end of
the block of mass m, = 10 kg, initially at rest. The two
blocks never touch. Calculate the maximum height to
which m, rises after the elastic collision.

m;

ﬁ Vor=0
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Two blocks are free to slide along the frictionless, wooden
track shown in the figure. The block of mass m, = 5 kg is
released from the position shown at height h = 5 m above
the flat part of the track. Protruding from its front end is
the north pole of a strong magnet which repels the north
pole of an identical magnet embedded in the back end of
the block of mass m, = 10 kg, initially at rest. The two
blocks never touch. Calculate the maximum height to
which m, rises after the elastic collision.

Vip _
h = V2b_ O
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Two blocks are free to slide along the frictionless, wooden
track shown in the figure. The block of mass m, = 5 kg is
released from the position shown at height h = 5 m above
the flat part of the track. Protruding from its front end is
the north pole of a strong magnet which repels the north
pole of an identical magnet embedded in the back end of
the block of mass m, = 10 kg, initially at rest. The two
blocks never touch. Calculate the maximum height to
which m, rises after the elastic collision.
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Two blocks are free to slide along the frictionless, wooden
track shown in the figure. The block of mass m, = 5 kg is
released from the position shown at height h = 5 m above
the flat part of the track. Protruding from its front end is
the north pole of a strong magnet which repels the north
pole of an identical magnet embedded in the back end of
the block of mass m, = 10 kg, initially at rest. The two
blocks never touch. Calculate the maximum height to
which m, rises after the elastic collision.

o V=0
h T@ Vaa
h'=? —
| M
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Elastic Collision
: Mass m, is released from rest and falls down from a heighth =5m :
Solution Apply conservation of mechanical energy

AU +AK =0

1 1
—-m,gh+(= m1V12b —a m1V§1) =0
2 2

Vo, =0, h=5m

= m,gh= % mVv,

— v, =+/2gh =/2(9.8m/s%)(5m) =10m/s

Immediately before collision




Mass m; with speed v,, = 10 m/s elastically collides with mass
m, which is at rest (v,, = 0): Apply conservation of momentum

MV, + M,V =MV, +MV,,  Butm, =5kg, m,=10Kkg, v;, =10 m/s, v,, =0

3—-V,
L ———(1
> 1)

. (5k)(LOm /s) + (10kg)(0) = (Skg)V,, + (10Kg)v,, ~ OF V,, =
Apply conservation of kinetic energy

1 2 1 2 1 2 1 2
2 MV + 2 MypVon = 2 M;Via + 2 M,V2a

(5kg)(10m/s)? + (10kg)(0) = (5kg)vZ + (10kg)v? or 100 =v;, +2v;, ——(2)
la 2a

From equation (1) into (2), one can get: — 3V12a —6v,, —191=0
=V, =—/m/s

m;
N M
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For mass m; with speed v,, = - 7 m/s goes up the frictionless track until
it reaches a maximum height h”(with v;; = 0): Apply conservation of
mechanical energy

AU +AK =0
, 1 1
m gh’ +(Zmyvy, ——mv;,) =0
2 2
Vi, =-7m/s, v =0
’ 1 2
= gh'+(0-2vi;) =0

2
or h’:v161 = (7m/s)2 =2.5m
29 2(9.8m/s?)

Via Voa T o V=0

‘ h @ Voa

m h’=? —]
_____ L l -
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=I%)e]l=1as W A billiard ball moving at 5 m/s strikes a stationary ball of
the same mass. After the collision, the first ball moves at

4.33 m/s at an angle of 30°with respect to the original line
of motion. Assuming an elastic collision (and ignoring
friction and rotational motion), find the struck ball’s

velocity after the collision.

vV, =5m/s
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=I%)e]l=1as W A billiard ball moving at 5 m/s strikes a stationary ball of
the same mass. After the collision, the first ball moves at

4.33 m/s at an angle of 30°with respect to the original line
of motion. Assuming an elastic collision (and ignoring
friction and rotational motion), find the struck ball’s

velocity after the collision.

v, =5m/s
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=I%)e]l=1as W A billiard ball moving at 5 m/s strikes a stationary ball of
the same mass. After the collision, the first ball moves at

4.33 m/s at an angle of 30°with respect to the original line
of motion. Assuming an elastic collision (and ignoring
friction and rotational motion), find the struck ball’s

velocity after the collision.

vi=4.33 m/s

0, =30°

o 0,7

A
Vh,=7?
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=I%)e]l=1as W A billiard ball moving at 5 m/s strikes a stationary ball of
the same mass. After the collision, the first ball moves at

4.33 m/s at an angle of 30°with respect to the original line
of motion. Assuming an elastic collision (and ignoring
friction and rotational motion), find the struck ball’s
velocity after the collision.

7 =4.33m/s
v, =5m/s Y1
0, =30°
N
v, =0 PN 6, =7
vh,=7
Before Collision After Collision
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(MY, + m,V,) = (MV, + m,V,) m,=m,=m
(Vy, +V,,) = (V. +V, (Vy +Vyy) = (Vg +V5,

I A& / !/ -
V, =V, V,, =0, v, =V, c0SH,,V,, =V,C080,, Vy, =V,, = 0, Vl'y =V, SIn Hl,vzy =V, SIn 6,

V, =V, COSH, +V, COSH, 0=v;sin 6, —V,sin 6,
5=(4.33)c0s30+V, cos 6, 0=(4.33)sin 30—V, sin &,
v, cosfd, =1.25———(1) V,sin 6, =2.165—-——(2)

Divide equation (2) by (1)

tan @, =2.165 v, =4.33m/s
vV, =5m/s
0, =tan"(1.73) = 60°
Substitute &, = 60° into equation (1) 0, =300
2
1.25 — 6, =?
Vy = =2.5m/s V2 =0 -
cos60 o
v,=7

Before Collision After Collig’porp_ Rashad Badran



Conservation of 1»;x) Momentum

The executive stress reliever

This device illustrates laws of
conservation of momentum and kinetic
energy. As shown it consists of four
identical hard balls supported by
strings of equal lengths. When hall 1 is
pulled and released after almost-elastic
collision between it and ball 2, ball 1
stops and ball 4 moves out as shown.

Exercise: (a)Try to do your homework by explaining why balls 2 and 3 are at rest.
(b) What is the velocity of ball 4 as it immediately leaves its position.
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By Prof. Rashad Badran



Consider several particles with masses m;, m, and so on.

e (X, Y,) are coordinates of m;, (x,,¥,) are coordinates of m,.

e Center of mass of the system is the point having the coordinates
(Xems Yem) given by

2 M
m, +m, +m, +... > m
[

X

cm

2. MY,
— mly1+m2y2 +m3y3 T ... — i
m, +m, +m, +... > m
i

Yem

Prof. Rashad Badran



O The center of mass of a system of N particles with masses m,;, m,, m,,
etc. and positions, (Xq, Y1, 21), (X5, Yo, 2,), (X3, Y3, Z3), €tc. is defined in
terms of the particle's position vectors using

o eme 2
L omE4AmE+mi .. 4
rC — —
m, +m, +m, +... > m,
[

m

0 Center of mass is a mass-weighted average position of particles

O If this expression is differentiated with respect to time then the position
vectors become velocity vectors and we have

m,V, + m,V, +m,v 2.mY,
oMY M, M+ 4
m, +m, +m, +... > m,
[

cm
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Find the c.m. of the system
shown in the figure.

X]—>]

(]
=1l — v
' ro

y &

.IE >
X = m,X; +m,X,
m, +m,
Suppose m,=5kg, m,=12kg
X;=2m,  X,=6m
_ (5.0kg)(2.0m) + (12kg)(6.0m) _48m

cm

5.0kg +12kg
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Lenter of Mass

LT L 2.y,
My My, My +... 4

o m, +m, +m, +... > m,
i

Totalmass M =m +m, +m, +...

MV_ =mV,+m,V, + mV, +...= P Total moment of the system

e Total moment is equal to total mass
times velocity of the center of mass

e For a system of particles on which the net
external force is zero, so that the total
momentum is constant, the velocity of the
center of mass is also constant

Spinning throwing knife on ice:
center of mass follows straight line
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e If we differentiate once again, then the derivatives of the velocity terms
will be accelerations

e Further, if we use Netwon's Second Law for each particle then the terms
of the form ma,; will be the net force on particle J.

e When these are summed over all particles any forces that are internal
to the system (i.e. a force on particle i caused by particle j) will be
included in the sum twice and these pairs will cancel due to Newton's

Third Law. The result will be

= = = _ = Body
I\/Ia‘cm mlal T m2a2 T m3a3 T Z Fext or collection of particles

e It states that the net external force on a system of particles equals
the total mass of the system times the acceleration of the center

of mass (Newton's Second Law for a system of particles)

e It can also be expressed as the net external force on a system equals
the time rate of change of the total linear momentum of the system.
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Lenter of Mass

The segmental method involves computation of the segmental cm s

The whole body cm is computed based on the segmental cm s

109V 15 149, 18.34)
618, 164
(3.6, 1£.B)x
(2,50, 14.21) (846,108
o\ (4. 3
{3.77, 1226}
D7 /120 (
(9.97,/1.20) (12.79.10.70)
(%6, 8.16) (16788, 7.68)
{4 5.63) (18.60., 4 4193
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Lenter of Mass

bl A water molecule consists of an oxygen atom with two hydrogen
Problem atoms bound to it. The angle between the two bounds is 106°. If the
bounds are 0.1 nm long, where is the center of mass of the molecule?

U
o _ MMMyt 4
TomEm,Am, > m,

M. ;
_m1x1+m2x2+m3x3+..._z Y

o m +m, +m, +... > om,

:ww+%n+%m+m_zmm

o m +m, +m, +... > m,
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a y - e
. C_/ ( (_/ [ rj J} / C‘ AR,

bl A water molecule consists of an oxygen atom with two hydrogen
Pro SN otoms bound to it. The angle between the two bounds is 106°. If the

bounds are 0.1 nm long, where is the center of mass of the molecule?

_ (16)(0) +(1)(0.1)sin 53— (1)(0.1)sin 53 0.0798-0.0798
o 1+1+16 18

My =16u, M =1u, y,,, =(-0.1)c0s53), Yr =(-0.1)c0s53)

H H

_ (26)(0) +(1)(-0.1) cos 53+ (1)(-0.1) cos53 _ —0.12

18
s, =X, =0,v,, =-0.0066nm)

- =—0.0066nm
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A ball of mass m;= 0.25kg and velocity v,= 5m/s
collides head-on with a ball of mass m, = 0.8kg that is

Initially at rest (vy,= 0). No external forces act on the
balls. If the collision In elastic, what are the velocities of
the center of mass before and after the collision?

Before collision

_ (0.250kg)(+5.00m/s) + (0.800kg)(0Om/s)

o =+1.19m/s
0.250kg + 0.800kg
|- - | ]
After collision Before
my
4 WAl Yy =0mis
_ (0 250kg)(-2.62m/s) + (0.800kg)(+2.38m/s) _11.19m/s
0.250kg + 0.800kg
After
‘Fﬂ
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rlr rFr : “‘ -~
LnNier or Mass

A 2-kg particle has a velocity and a 3-kg
particle has a velocity Find (a) the velocity

of the center of mass and (b) the total momentum of the
system.

m.V.
(a) g MYy + MV, +MyVs +... Z H

1
o m +m, +m, +... > m,

- (2kg)(21 —3))m/ s+ (3kg)(Li —6]) _Zf_ﬁj
o (2+3)kg 5 5

(b) MV, = (2+3)(kg)(%f—% Pm/s=(71-24])kg.m/s
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oIl @ During a time interval At a particle of mass m, Is

displaced along the x-axis by 4x, with a velocity v,, while
another particle of mass m, is displaced by Ax, and with a
velocity v,. Find (a) the displacement of the center of

mass, and (b) the velocity of center of mass of the system.
[Given At = 0.2 s, AX; = 4cm, AX, = 2cm, m; = 2kg, m; = 3kg ]

(a) AX = m, AX; + m,AX,
m, +m, AXym
ax. = (ka)dem) + Bkg)@em) _y o o |—>‘
(2+3)kg s —Q
) v_ = m;\V, +m,v, - Axi> M
m, +m, v

_ (2kg)(20cm/s) +(3kg)(10cm/s)

V.. =14cm/s
(2+3)kg
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